The Revival of (0,2) Linear Sigma Models by McOrist, Jock
ar
X
iv
:1
01
0.
46
67
v1
  [
he
p-
th]
  2
2 O
ct 
20
10
November 4, 2018 DAMTP-2010-66
The Revival of (0, 2) Linear Sigma Models
Jock McOrist1
DAMTP, Centre for Mathematical Sciences, Wilberforce Road, Cambridge, CB3 OWA,
UK
Abstract
Compactifications of the heterotic string are a viable route to phenomenologi-
cally realistic vacua and interesting new mathematics. While supergravity aspects of
heterotic compactifications are largely well-understood their worldsheet description
remains largely unexplored. We review recent work in developing linear sigma model
techniques aimed at elucidating the underlying worldsheet description.
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1 Introduction
A generic compactification of string theory preserving N = 1 supersymmetry in d = 4 is
most likely strongly coupled, involving non-trivial fluxes and non-trivial metrics [1,2]. The
most well-studied class of string compactifications arise in the type II string, generically
involving Ramond-Ramond (RR) fluxes and orientifolds (see for example [3]). The analysis
of such backgrounds is typically restricted to the supergravity approximation largely due
to the difficulties in understanding RR fluxes and orientifolding from the point of view of
the worldsheet (though see for example [4]). However, supergravity is really only a valid
approximation when all the length scales in the problem are large compared to the string
length. If this is not the case, then α′ corrections become non-negligible and one needs
to take them into account. As is known in other contexts, α′ corrections can qualitatively
modify the physics of the compactification. 2 For example, quantum effects are known to
resolve classical singularities, to connect seemingly disparate geometric spaces, provide tests
of string dualities and destabilise classical string vacua (i.e. vacua that exist in supergravity
but not in string theory). In fact, compactifications defined by Landau-Ginzburg theories
have no conventional notion of a target space geometry at all, and such vacua do not have
a supergravity description. Thus, in order to understand the role of quantum corrections
in compactifications of perturbative string theory we really need to have a worldsheet
description.
We will review some recent developments in understanding the worldsheet aspects of
N = 1 compactifications of the heterotic string. We focus on the heterotic string for
a number of reasons. Firstly, its degrees of freedom are cleaner and simpler to study
on the worldsheet than their type II cousins: compactifications are constructed purely
from NSNS fields, the string coupling is often tunable and there is no need to orientifold.
Secondly, compactifications of the heterotic string naturally give rise to phenomenologically
interesting four-dimensional vacua. For example, the existence of the gauge field means it
is easy to produce chiral theories in four-dimensions and by a judicious choice of target
space geometry one can construct a compactification that closely resembles the standard
model. Finally, studying type II string compactifications on Calabi-Yau manifolds lead
to interesting new mathematical insights (e.g. mirror symmetry). As the heterotic string
2Although [2] argue string theory is likely to have strong coupling gs effects, we will not discuss these
in this review, instead concentrating on α′ issues relevant to [1].
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target space consists of a six-dimensional geometry together with choice of gauge bundle,
studying heterotic compactifications via the worldsheet will likely lead to similar insights
and progress in understanding the mathematics of gauge bundles.
A broad classification of heterotic string vacua begins with the existence of a large vol-
ume limit. If the compactification has a limit where all length scales of the compactification
become large compared to the string scale, then supergravity is a good description of the
background, and as such may be used as the semi-classical starting point for defining a
(0, 2)-worldsheet theory. Alternatively, if one or more cycles are fixed to be string size,
the compactification is much harder to define. Supergravity is not necessarily a good de-
scription of the background, and typically does not (except perhaps in special cases) give
a nice semi-classical starting point for string perturbation theory. Indeed, the only known
examples have been constructed via duality [5] (see also [6–14]). 3 The lack of a large vol-
ume limit means constructing a well-defined worldsheet theory is difficult and our current
understanding of such constructions is quite limited; though some progress has been made
recently in this direction by [16–18]. For this reason, we will be interested in spaces with a
large volume limit, as we then stand a much better chance of understanding the role of α′
corrections.
Compactifications with a large volume limit that preserve supersymmetry are specified
by a Calabi-Yau manifold M and a choice of holomorphic vector bundle F which satisfies
a Bianchi identity relating the Chern classes of F and M to the heterotic B2-field.4. An
easy way to satisfy this Bianchi identity is by identifying F with the tangent bundle. This
gives rise to an unbroken E6 gauge group in spacetime, with matter fields in the 27 and 27
representations of E6. There is also a nice worldsheet description, being described by (2, 2)
conformal field theories. However, although an easy way to satisfy the Bianchi identity,
such compactifications do not give rise to a realistic phenomenology. One way to improve
the situation is a more sophisticated choice of vector bundle. Then it is easy to generate
spacetime GUT groups like E6, SO(10) and SU(5), and there has been much progress in re-
alising standard model and GUT like scenarios in heterotic supergravity (for example, some
recent references include [21–25]). The particle spectrum can be constructed using well-
known methods from algebraic geometry, and Wilson lines can break the GUT group down
3These spaces may in addition be characterised that their topology and complex structure do not admit
Ka¨hler metrics, as is argued in [15] when the geometry admits a T 2 fibration.
4Many good textbooks explain the heterotic Bianchi identity as well as the standard embedding solution.
Two nice examples include [19, 20]
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to the standard model gauge group SU(3)×SU(2)×U(1). Do such compactifications admit
worldsheet descriptions? Although in principle the answer is yes, a systematic study of such
worldsheet conformal field theories is distinctly lacking in the literature. In this review we
attempt to ameliorate this by systematically studying heterotic string compactifications via
the worldsheet focussing on linear sigma model descriptions.
An outline for the rest of the review is the following. In the next section we will review
supergravity aspects of heterotic compactifications. In section 3 we will review some of
the lore concerning (0, 2) worldsheet SCFTs, their symmetries, and the role of worldsheet
instantons. In section 4 we will review the (0, 2) linear sigma model, its parameter space,
quasi-topological twists, several prescriptions for computing correlators and the singular
locus of the quasi-topologically twisted theories. We will also outline a proposal for mirror
symmetry in a certain class of (0, 2) models. In section 5 we will review work aimed at
understanding (0, 2) Landau-Ginzburg theories. Finally, in section 6 we will give a brief
outlook on open questions in the field.
Acknowledgements: It is a pleasure to thank I. Melnikov for helpful discussions
and M. Wolf for comments on the manuscript. This work is supported by the EPSRC
Postdoctoral Fellowship EP/G051054/1.
2 Spacetime Aspects of E8 × E8 Heterotic String Compactifica-
tions
In this section we set the stage for a worldsheet analysis by briefly outlining the supergravity
ingredients necessary to define a heterotic string compactification. We will describe some
techniques in the simplest examples for computing the spectrum, and Yukawa couplings.
Finally, we will comment on some constructions in the literature that give rise to the
standard model.
2.1 Heterotic Effective Field Theory
At large radius, where all length scales of the target space are large compared to the
string length, the dynamics of string theory reduces to that of field theory. The effective
field theory describes the interaction of the massless string spectrum, including the metric
GMN , the E8 × E8 gauge field AM , its field strength F2 and the heterotic field B2. The
4
action is given by (we largely follow the notation of [12]):
S =
1
2κ2
∫
d10x(−G)1/2e−2Φ
[
R(Ω) + 4|∂MΦ|2 − 1
2
|H3|2−
− α
′
4
(
tr|F2|2 − tr|R2|2
)]
+ fermions, (1)
where R2(Ω+) is the Riemann two-form computed with respect to the spin connection
ΩPQM twisted by the H3-flux
ΩPQ± M = Ω
PQ
M ± 1
2
HPQM +O(α′). (2)
The Einstein-Hilbert term in (1) is constructed using the spin connection Ω. With this
choice of fields and connection, the effective action (1) is exact to O(α′). It is known how
to construct the O(α′2) corrections to the heterotic effective action [26–28], though such
corrections will not be relevant for our purposes. The last two terms in (1) are defined as
tr|R2|2 = 1
2
RMNPQ(Ω+)R
MNPQ(Ω+), tr|F2|2 = 1
2
FMNF
MN , (3)
and the NSNS field strength is defined as
H3 = dB2 +
α′
4
[CS(Ω+)− CS(A)] , (4)
where CS denotes the Chern-Simons form for the relevant connection. The NSNS field
strength obeys a Bianchi identity
dH3 =
α′
4
[tr(R2(Ω+) ∧ R2(Ω+))− tr(F2 ∧ F2)] . (5)
Here tr(R2(Ω+) ∧ R2(Ω+)) is evaluated in the vector representation of SO(9, 1); for the
Spin(32)/Z2 string, trF2∧F2 is evaluated in the vector representation; for the E8×E8 case
(where there is no vector representation) trF2 ∧ F2 is defined as one thirtieth of the trace
in the adjoint representation. The inclusion of the string correction, tr(R2(Ω+) ∧ R2(Ω+))
is required to cancel anomalies in the underlying string theory, and is required in order to
construct solutions with F2 6= 0.
The conditions of supersymmetry follow from the variation of the fermions in the ten-
dimensional effective action. There are three fermions, a gravitino ΨM , a dilatino λ and a
gaugino χ. Their variations are given by
δΨM =
(
∂M +
1
4
ΩAB− MΓAB
)
ǫ = 0,
δλ = − 1
2
√
2
(
/∂Φ− 1
2
/H
)
ǫ = 0,
δχ = −1
2
6Fǫ = 0,
(6)
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where we have defined the following contractions of H3 and F2:
/HM =
1
2
HMNPΓ
NP , /H =
1
3!
HMNPΓ
MNP , 6F = 1
2
FMNΓ
MN (7)
As emphasised by [12], (see also [29–31]), the choice of connection in computing the Rie-
mann curvature two-form is important in understanding compactifications with H3-flux. It
turns out to be most convenient to choose Ω+, as this implies the equations of motion and
supersymmetry variations remain simple at O(α′) in the α′ expansion. With the choice
of fields in [26], all of the O(α′) corrections to the supersymmetry variations in (6) are
contained in the α′ modification to H3 in (4). One could choose a different choice of con-
nection at the expense of complicating the supersymmetry variations. Finally, for heterotic
solutions with type IIB and F-theory duals one naturally generates heterotic solutions with
Ω+ as the preferred connection.
Now that we have established some notation, we wish to explore solutions to this effective
action. We are only interested in solutions that preserve N = 1 supersymmetry and d = 4
Poincare invariance. As such, the ten-dimensional space must take the schematic form
R
3,1 ×M. (8)
Requiring the N = 1 supersymmetry variations in (6) be satisfied vastly simplifies our
task of finding solutions. By solving the supersymmetry variations and Bianchi identity
we are automatically generating solutions to the equations of motion, though whether
the background is a string solution requires tools beyond supergravity. At least in the
torsion free case, the supergravity data should be enough to define a sigma model, which
generates a (0, 2) theory that is at least perturbatively conformal.5 If bundle splits non-
trivial over every rational curve inM then the theory is argued in [33] to be conformal non-
perturbatively. Alternatively, there is a general belief in the literature, for example [34–36],
that vacua admitting a linear model description are conformally non-perturbatively, though
a comprehensive proof (at least of the former assertion) is still lacking in the literature.
We finish this subsection with a very speculative question: what is the most general
N = 1 compactification of the heterotic string? This is a notoriously hard question to an-
swer, but whatever the answer is, supergravity solutions are almost certainly a very small
5The conditions that supersymmetry be preserved and the Bianchi identity satisfied are sufficient to
guarantee the existence of a (0, 2) sigma model that is perturbatively conformally invariant [31,32]. However,
unless one is using a linear sigma model to generate the SCFT, non-perturbative effects may destabilise
the vacuum.
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corner in the landscape of such vacua. In fact, they should be thought of as a point in a
bigger space of string compactifications. This is clear already in (2, 2) string compactifica-
tions. More generally, the constructions in [37] suggest the most general heterotic solutions
are most likely non-geometric and have no large volume limit. Thus, in order to under-
stand the general features of heterotic string compactifications, it is necessary to have a
worldsheet understanding. There are many known examples of string backgrounds with-
out supergravity limits. Perhaps the most familiar class of examples are compactifications
described by Landau-Ginzburg theories and asymmetric orbifold compactifications. These
have no supergravity or geometric interpretation, and are defined purely in terms of their
worldsheet theory. A second class of backgrounds, known as non-geometries, are those that
are patched together using T-duality or other quantum symmetries of string theory (see [38]
for a review and references therein). Even in the heterotic string (where there are no RR
fluxes), a correct worldsheet description of these backgrounds is not yet well-understood.6
Finally, a third class of compactifications without large volume limits, are the torsional
heterotic solutions (see for example [5–15,41–46]). It is thus clear that to have a conclusive
understanding of string compactifications, one needs to have an understanding of the string
worldsheet. We will restrict to compactifications that have a supergravity limit. Even with
this vast simplification, the worldsheet structure of such solutions is rich and intricate.
2.2 Heterotic Vacua with Ka¨hler Metrics
We will now simplify the discussion to E8 × E8 heterotic vacua with large radius limits.
What are the geometric properties of such solutions? By analysing the supersymmetry
conditions (6), and anomaly cancellation, it was shown by [47] that such manifolds are
complex, with vanishing first Chern class and obey the equations
2i∂∂¯J =
α′
4
[tr(R2(Ω+) ∧ R2(Ω+))− tr(F2 ∧ F2)] ,
F (0,2) = F (2,0) = 0, FMNJ
MN = 0,
d(e−2ΦJ ∧ J) = 0. (9)
Here J is the hermitian form for the target space. The first equation implies the space is
non-Ka¨hler if H3 6= 0. Let us analyse their import order-by-order in an expansion of 1/r
under rescalings of the coordinates, where r is the characteristic radius of M . As the gauge
6 One proposal is that of a doubled-torus formalism of Hull (for example [39]), while the second is given
by wrapping the tensor theory describing an M5-brane on a K3 surface [37, 40].
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field AM appears in the covariant derivative DM = ∂M + iAM , we take AM = O(1/r).
To O(1/r) the gravitino variation implies that M is a Calabi-Yau manifold with SU(3)
holonomy, while the dilatino variation implies a constant dilaton. The gaugino variation is
a O(1/r2) constraint and implies the bundle F must satisfy the constraints
F (0,2) = F (2,0) = 0, (10)
FMNJ
MN = 0. (11)
The first equation implies the bundle is holomorphic (i.e. all the transition functions are
holomorphic functions with respect to the complex structure onM), while the last equation
is known as the hermitian Yang-Mills equation. The first two equations are relatively
straightforward to satisfy, while the last equation is notoriously hard to solve. Fortunately,
on Ka¨hler manifolds there is a way of turning this into more tractable problem using the
Donaldson-Uhlenbeck-Yau theorem. This theorem states that for a holomorphic vector
bundle F on a Ka¨hler manifold with a given complex structure, there exists a unique
connection satisfying (11) provided the bundle F is “stable.” We will not go into the
details of this theorem, or what stability specifically means, apart from the fact it is a
rather mild quasi-topological constraint.
2.2.1 The Standard Embedding
The simplest solution with a Ka¨hler metric at large volume is known as the standard
embedding. In this section we will review some of the pertinent features — more details
may be found in say [19,20]. The solution proceeds by assuming that dB2 = 0. The Bianchi
identity then reduces to
0 = tr(R2(Ω+) ∧ R2(Ω+))− tr(F2 ∧ F2). (12)
This equation is essentially impossible to solve unless there is a special relation between
F2 and R2(Ω+). Such a relation is given by identifying the spin connection with the gauge
connection. In that case R2(Ω+) = F2, and the Bianchi identity is satisfied identically.
Such a gauge choice satisfies the hermitian Yang-Mills equations, is supersymmetric, and
is a well-defined starting point for defining a sigma model description. If M has SU(3)
holonomy (and not a subgroup), then the bundle will have SU(3)-structure. The SU(3)
is embedded in one of the E8 gauge groups, with the other E8 gauge group regarded as
the hidden sector. The unbroken gauge symmetry is given by the commutant of SU(3)
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with the E8, which turns out to be E6. Thus, without much work we have constructed a
perturbative string compactification that has an unbroken E6 gauge group. This is to be
contrasted with the recent work in F-theory model building, in which E6 gauge groups can
only be generated non-perturbatively (see for example [48]).
The string compactification is well described by a d = 4, N = 1 effective field theory
when the length scales are well above the compactification scale r, but well-below the string
length ls. The massless field content and interactions of this field theory may be constructed
by Kaluza-Klein reducing the d = 10, N = 1 supergravity theory on the internal Calabi-Yau
manifold. As there is an unbroken N = 1 supersymmetry, the theory is most conveniently
represented in terms ofN = 1 superspace, and we will describe, somewhat schematically, its
field content and construction. We will mostly follow the notation and discussion in [19,20].
The field content consists of Kaluza-Klein reducing GMN , BMN , Φ and AM onM . There
are h2,1 chiral multiplets for the complex structure moduli, whose bosonic fields are Gij , Gi¯j¯
(here i, j are holomorphic indices on M); there are h1,1 chiral multiplets corresponding to
the complexified Ka¨hler moduli given by Gij¯ +Bij¯.
The gauge group splits as E8 × E8 → SU(3)× E6 × E8, giving rise to an unbroken E6
gauge group in spacetime (together with an E8 hidden sector). Kaluza-Klein reducing the
d = 10, E8 × E8 gauge multiplet gives rise to some matter that is charged under the E6,
as well as some matter that is uncharged. To see this note that the adjoint gauge field AM
decomposes as
(248, 248)→ (1, 78, 1) + (1, 1, 248) + (3, 27, 1) + (3¯, 27, 1) + (8¯, 1, 1). (13)
The first two components, denoted by the field Aµ,a correspond to the d = 4, E6 × E8
massless gauge field with a labelling the adjoint of E6 ×E8. Together with their fermionic
partners, these fields form a d = 4, N = 1 gauge multiplet. As we have identified the SU(3)
spin connection with the SU(3) gauge connection, the charged matter content comes from
the component of the gauge field transforming as the (3, 27, 1) + (3¯, 27, 1¯), and are given
by the fields Ai,jx and Ai¯,j¯x¯, where x is the 27 of E6. By contracting with the holomorphic
3-form, the former corresponds to a (2, 1)-form giving rise to h2,1 chiral multiplets trans-
forming in the 27 of E6. The latter gives rise to h
1,1 chiral multiplets transforming in the
27 of E6. Finally, there are a number of gauge singlets Ai,jk¯ transforming in the adjoint of
SU(3). These are 1-forms valued in the endomorphism group of the tangent bundle, and
correspond to elements of the cohomology group H1(M,End(TM)). They parameterise
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classically flat directions in which F is deformed from the tangent bundle to a more general
SU(3) vector bundle. We will discuss this further in the next subsection.
In the above, we implicity used supersymmetry to deduce the gaugino decomposed in
the same way as the gauge field. There are thus h2,1 chiral multiplets in the 27 of E6, and
h1,1 chiral multiplets in the 27 of E6. The spectrum is therefore chiral with the net number
of generations given by
Ngen = |h2,1 − h1,1| = |χ|
2
, (14)
where χ is the Euler characteristic of M . This can also be understood using an index
theorem for the Dirac operator. Ngen = 100 for the quintic in P
4, and Ngen = 4 for the
Z5 × Z5 orbifold of the quintic. Thus even in the simplest example it is not hard to get
down to a reasonable number of generations. However, it is quite hard to find Calabi-Yau
manifolds with |χ(M)| = 6, with only a handful of known examples. For compactifications
involving gauge bundles that differ from the standard embedding, the number of generations
is no longer tied to the Euler characteristic, instead it depends on topological quantities
associated with F and M . This allows for more phenomenological flexibility.
Having described the field content of the d = 4 effective field theory, we will now
describe the Lagrangian that governs their interactions. To specify the Lagrangian we need
to construct the Ka¨hler potential and superpotential for all of the fields. As the Calabi-Yau
geometry solves the string equations of motion for any value of the moduli fields, the moduli
do not have any superpotential terms. The 27 and 27 matter fields are not moduli and have
a non-trivial superpotential. They are both massless, and the vacuum is stable (no tadpole)
so the lowest order term is a cubic interaction. Although we will not give any details of
the proof originally derived in [49], it turns out that the low-energy dynamics of the light
fields is tightly constrained. The two derivative dynamics of the moduli and the matter
fields are intricately related to each other, and their interactions are completely determined
in terms of two holomorphic functions. These relations are known as special geometry and
are a consequence of certain properties of the worldsheet theory. This relation is known to
hold for type II theories and for heterotic compactifications with the standard embedding.
For a summary of the local geometry of the moduli space see [50]. It is an interesting
open question as to whether it holds for more general embeddings in the heterotic string.
Discussing these relations is thus beyond the scope of this review.
While the standard embedding has many nice features: an E6 GUT group, special geom-
etry and a well-understood worldsheet description, there are also many phenomenological
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problems. For example, in a GUT scenario, where say E6 is broken to SU(5) and then to
the standard model via Wilson lines, the 27 of E6 gives rise to particles transforming as
the 5 + 5 of SU(5). These particles are yet to be observed at current energy scales and
mediate rapid proton decay—at least without a mechanism to give these particles a large
mass, this is a phenomenological problem. It is also hard to give neutrinos a mass using the
usual see-saw mechanism in E6 compactifications. The required Yukawa coupling which
are forbidden in string perturbation theory (see for example [51]). It is thus desirable to
understand more general heterotic compactifications, and the easiest way to achieve this is
to consider more general gauge bundles. For example SU(4) and SU(5) bundles give rise to
unbroken SO(10) and SU(5) gauge groups, which alleviate some of these problems. How-
ever, although one can construct such compactifications in supergravity, it is not known
how to construct their worldsheet descriptions.
2.2.2 General Gauge Bundles
It is phenomenologically desirable to consider compactifications beyond the standard em-
bedding. Recall that in order to preserve supersymmetry, the bundle F must be holo-
morphic and satisfy the hermitian Yang-Mills equations. Equivalently, if one has a stable
bundle, then the Donaldson-Uhlenbeck-Yau theorem guarantees the existence of a unique
connection solving these equations. A lot of sophisticated mathematical technology has
been developed over the years to construct stable bundles and hence supergravity solu-
tions. One is based on the Friedman-Morgan-Witten constructions [52–56] for elliptically
fibered Calabi-Yau manifolds. Another is based on complete intersection Calabi-Yau man-
ifolds with monad bundles [33, 57–59]. Some recent examples in the context of heterotic
model building include [21–25,56,60–62] and a review of the techniques used to computing
the low-energy physics of such compactifications is given in [63]. Although such construc-
tions can give rise to higher rank bundles, and are phenomenologically desirable, they are
typically restricted to the regime of supergravity and it is not known how to describe their
compactifications using worldsheet techniques. Such techniques would be very useful. For
example, one may be able to construct the necessary Yukawa couplings for generating neu-
trino masses using non-perturbative corrections. Thus, we will focus on the latter class of
bundles where there has been recent work in constructing well-defined worldsheet descrip-
tions, and a certain class of unnormalised Yukawa couplings can be computed exactly in α′.
It will be interesting in future work to extend these results to the more general bundles, in
11
particular, those not attainable as deformations from the standard embedding.
2.2.3 Beyond Supergravity and Onwards to a Worldsheet Description?
At large radius, the moduli corresponding to deforming the tangent bundle come from the
gauge singlets corresponding to elements of the cohomology group H1(M,End(TM)). The
Bianchi identity (5) implies there is non-vanishing torsion H3, and the worldsheet theory
has a reduced amount of supersymmetry: (2, 2) broken down to (0, 2). Early on, starting
with [64], it was thought that these bundle moduli were lifted by non-perturbative α′ ef-
fects. Worldsheet instantons wrapping holomorphic curves in (0, 2) theories have a reduced
number of zero modes, and generically generate a potential for these moduli, thereby desta-
bilising the vacuum (we expand on this phenomenon in section 3.3 below). However, for
certain compactifications, including those connected to the standard embedding, such in-
stantons are known to be either entirely absent [65] or to cancel amongst themselves [34–36].
Consequently, the deformations parametrised by H1(M,End(TM)) are unobstructed and
are genuine moduli.
Nonetheless, it is impossible to deduce that these deformations are true moduli purely
in supergravity. It is worldsheet instantons that destabilise the vacuum, and to construct
vacua that are free of these instanton effects, it is necessary to have a worldsheet description
of such vacua. Furthermore, α′ quantum corrections are known in other context to generate
qualitatively new phenomenon not seen at large volume. One example is mirror symmetry,
in which strong coupling effects are exchanged with weak coupling effects. Another example
is quantum cohomology, in which the cohomology of a Calabi-Yau M is generalised to
include quantum corrections. What is the generalisation of quantum cohomology to spaces
with vector bundles? Do α′ corrections qualitatively modify Yukawa couplings? Is there
a notion of special geometry for heterotic compactifications with gauge bundles that are
not the standard embedding? Recently there has been a body of work aimed at answering
those question, with which we will summarise in the remainder of this review.
3 The Worldsheet: (0,2) SCFTs and the GLSM
A perturbative string compactification is defined via an anomaly free SCFT with the correct
central charge. If the background has a geometric interpretation, then the SCFT may be
generated by following the RG flow of a non-linear sigma model. However, the non-linearity
12
makes it hard for one to compute anything concretely. A more tractable approach is to
appeal to universality: perhaps there is an easier model to study in the same universality
class. For Calabi-Yau’s defined as complete intersections in toric varieties with monad
bundles there is a very convenient class of field theories that do this job: gauged linear
sigma models (GLSMs). These are abelian gauge theories with linear kinetic terms coupled
by a chiral and twisted-chiral superpotentials. They provide a useful probe of the SCFT
moduli space, and can compute certain terms in the d = 4 low-energy effective field theory.
Their utility is well-established in the world of (2, 2) SCFTs. Here we outline progress
in using GLSMs to study (0, 2) SCFTs. As first step we will review some basics of the
non-linear sigma model, before turning to the linear sigma model in the next section.
3.1 Non-linear Sigma Models: Target Space versus Worldsheet
The starting point for describing a perturbative heterotic string compactification is a two-
dimensional non-linear sigma model, a theory of maps from a Riemann surface to a ten-
dimensional target space. The field content consists of the maps XM : Σ→ M for M =
0, . . . , 9; a number of right-handed world sheet fermions ψM , which couple to the pullback
to Σ of the tangent bundle of M ; and a number of left-handed worldsheet fermions γA,
which couple to the pullback of the vector bundle F . For the E8 ×E8 heterotic string, the
bundle splits into two E8 bundles F1,F2, of which we will always regard F2 as trivial—it
is regarded as the unbroken E8 gauge group of a hidden sector. In the following we will
often write F for F1, dropping the subscript. In two-dimensions, the supersymmetries
are Majorana-Weyl and are chiral: we can have independent numbers of left-handed and
right-handed supersymmetries. These are labelled (NL, NR), so that (0, 2) implies there are
two right-moving supersymmetries and no left-moving supersymmetries. We must always
have at least (0, 1) supersymmetry to have a consistent string background, while if there
is N = 1 spacetime supersymmetry then there is at least (0, 2) worldsheet supersymmetry.
When F = TM with the gauge and spin connections identified, the right-moving and ten
of the left-moving fermions transform in an identical fashion. Consequently, the theory has
(2, 2)-supersymmetry.
The sigma model is action is given by
S =
1
4πα′
∫
d2z
{
[GMN(X) +BMN(X)]∂zX
M∂zX
N +GMN(X)ψ
M∇zψN+
+γA∇zγA + 1
2
FABρσ γ
AγBψρψσ
}
, (15)
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where A,B = 1, . . . , 32 label the bundle indices and as usual, we have fixed to conformal
gauge—for more details see [20]. The covariant derivatives are
∇zψM = ∂zψM +
[
ΓMNP (X)−
1
2
HMNP (X)
]
∂zX
NψQ,
∇zγA = ∂zγA − iAABM (X)∂zXMγB, (16)
with AM the connection on F . The spacetime fields such as the metric, B-field and con-
nection act as worldsheet couplings, and are in principle complicated functions of the XM
fields. This makes the theory highly non-linear and generally hard to solve (that is, one
cannot easy deduce the spectrum, or correlation functions). Furthermore, for a generic
choice of target space fields the theory is not conformal—a necessary requirement to define
a critical string theory. These two basic issues tend to hamper a direct study of non-linear
sigma models. However, one can make progress by considering a large volume limit, in
which the coupling of the non-linear sigma model is “small” and a semi-classical analysis
is valid. One can then extract the spectrum, compute scattering amplitudes and compute
the beta function perturbatively in α′, and in some cases extract all order results in α′. For
example, there may exist a truncation of the non-linear sigma model to its ‘topological’
sector, in which the theory becomes completely independent of the worldsheet metric (for
example [66]).
The sigma model has diffeomorphism anomalies (i.e. the sigma model is not modular
invariant) unless M and F satisfy certain topological constraints (in integer cohomology):
c1(M) = 0, c1(F) = 0 mod 2, (17)
ch2(F) = ch2(M), (18)
The first condition (17) implies M admits spinors, as this amounts to the second Stiefel-
Whitney class of M vanishing. This is physically very reasonable: we want to be able to
define spinors on our spacetime, and furthermore, one needs both the vector and spinor
representations of SO(16) in order to recover the full E8 representation. The second equation
(18) can be recast in the familiar form of the Bianchi identity for the three-form field
strength viz. (5).
If the anomalies are cancelled, then one is free to couple the theory to worldsheet gravity
and to gauge fix the resulting two-dimensional supergravity theory. However, it must also
be checked that the conformal mode of the string vanishes, so that the longitudinal modes
of the string decouple in scattering amplitudes. In the large volume limit, this may be
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checked perturbatively in α′. At one-loop, the vanishing of the beta function implies the
space M is Ricci flat and that the bundle satisfies the hermitian Yang-Mills equations (c.f.
(11)). Hence, the combination of Yau’s theorem and the Donaldson-Uhlenbeck-Yau theorem
imply the existence of a solution to the beta function at 1-loop. Higher order loops will
not affect the topological conditions, while the geometrical conditions of Ricci-flatness and
the hermitian Yang-Mills equations (11) will be corrected order by order in α′ perturbation
theory. The quantum corrections are special though; the sigma model re-adjusts itself order-
by-order in α′ perturbation theory to ensure the existence of a supersymmetric solution
[67, 68].7 The lack of conformal invariance may be viewed as renormalisation group flow,
in which degrees of freedom become massive and decouple in the infrared. This leaves
us with a finite number of degrees of freedom that characterise the massless spectrum of
the conformal field theory. These degrees of freedom tend to be topological in nature and
include the complex structure of M ; the holomorphic structure of the vector bundle F ;
and the cohomology class of the complexified Ka¨hler class. Nonetheless it is quite hard to
analyse these conformal field theories directly, and as such one must resort to other methods
to which we now turn.
3.2 The Symmetries and Spectrum of (0, 2) Theories
We now briefly analyse the symmetries and spectrum of (0, 2) non-linear sigma models.
This will serve to further introduce some notation, and will naturally lead into a study of
(0, 2) gauged linear sigma models.
The part of the theory involving X,ψ associated with the flat spacetime, and γ’s that
do not couple to the gauge bundle (for example the hidden E8) are free fields and analysing
their behaviour is straightforward. The rest of the theory is a non-linear sigma model,
which is interacting and hard to get a handle on. One approach is to follow the work of [69]
by using the Born-Oppenheimer approximation in which we truncate theory to quantum
mechanics. This was applied in the context of (0, 2)-theories in [33], (see also [70]) and
provides a useful route to get a handle on the physics the sigma model. An alternative
approach is to appeal to universality and construct an abelian gauge theory (that is, a
gauged linear sigma model) that under RG flows to the same infrared fixed point. In this
subsection we will content ourselves with an analysis of the non-linear sigma model, before
7This is only true if X : Σ → M is a topologically trivial map; worldsheet instantons invalidate this
argument. These effects will be discussed later in this review.
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turning in the next section to GLSMs.
As mentioned above, the requirement of N = 1 spacetime supersymmetry implies at
least (0, 2) worldsheet supersymmetry. The left-moving sector of the worldsheet has a
Virasoro symmetry, and we will require an additional U(1)L symmetry
J(z)J(0) ∼ r
z2
. (19)
where r is a parameter of the U(1)L algebra and will eventually correspond to the rank
of the gauge bundle. There are a number of reasons for requiring this U(1)L symmetry.
Firstly, it provides a natural candidate for a chiral GSO projection on the left-moving fields.
It acts as
g = e−ipiJ0(−1)FL , (20)
where FL is the left-moving fermion number. Secondly, the U(1)L plays an important role in
realising the spacetime gauge symmetry. Thirdly, it appears naturally when one considers
gauge bundles obtained as deformations from the standard embedding and will occur in
the class of compactifications we consider in section 4 onwards.
The XM bosons associated with R3,1 × M and r Weyl fermions associated with the
gauge bundle give a left-moving central charge of cL = 10 + r. To cancel the anomaly we
need cL = 26. As r 6= 0, one can do this by adding some free Majorana-Weyl fermions γI
for I = 1, . . . , 16− 2r, and 16 free fermions γ˜A, A = 1, . . . , 16, associated with the hidden
E8. The U(1)L acts on the fermions analogously to the U(1)R on the ψ
M :
γi → eiθLγi, γ i¯ → e−iθLγ i¯. (21)
The theory then linearly realises a U(1)×SO(16−2r)×SO(16) spacetime gauge group. The
U(1)L also provides a left-moving spectral flow generator: when acted on NS states created
by the γI it takes them to R ground states and vice-versa. Thus, even though only U(1)×
SO(16 − 2r) of the spacetime gauge group is linearly realised, there are additional states
(the vertex operators for which may be explicitly constructed by bosonisation) implying the
spacetime gauge group is actually larger than U(1)×SO(16−2r).8 In fact, for r = 3, 4, 5 the
8The same phenomenon occurs for the hidden sector E8, where only the SO(16) subgroup is linearly
realised. A naive computation of the spectrum in flat space gives states in the 120 + 128 representation
of SO(16). Consistency of the spacetime theory however implies the gauge bosons must be in the adjoint
representation of the gauge group. There is precisely one group, E8, under which the adjoint decomposes
into 120+128. The remaining states in the adjoint representation may be constructed using spin fields and
bosonisation. Thus, the full spacetime gauge group is E8.
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Rep. of E6 Rep. of SO(10)× U(1) Cohomology Group
78 450 ⊕ 16−3/2 ⊕ 163/2 ⊕ 10 H∗(M,O)
27 161/2 ⊕ 10−1 ⊕ 10 H∗(M,F)
1 10 H
∗(M,EndF)
Rep. of SO(10) Rep. of SO(8)×U(1) Cohomology Group
45 8s
′
−2 ⊕ 280 ⊕ 10 ⊕ 8s′2 H∗(M,O)
16 8s−1 ⊕ 8v1 H∗(M,F)
10 1−2 ⊕ 8s′0 ⊕ 12 H∗(M,
∧2F)
1 10 H
∗(M,EndF)
Rep. of SU(5) Rep. of SO(6)× U(1) Cohomology Group
24 4−5/2 ⊕ 150 ⊕ 10 ⊕ 45/2 H∗(M,O)
10 4−3/2 ⊕ 61 H∗(M,F)
5 4−1/2 ⊕ 12 H∗(M,
∧2F)
1 10 H
∗(M,EndF)
Table 1: The representations of the spacetime gauge group and how they decompose into
their linearly realised subgroups. See [33] for the case with general r.
full spacetime gauge group is E6 ×E8, SO(10)×E8 and SU(5)×E8 respectively. We have
listed the linear representations and how they assemble themselves into representations of
the full gauge group for r = 4, 5 in table 1.
3.3 Instantons and Vacuum Destabilisation
A string compactification typically requires conformal invariance of the sigma-model. The
vanishing of the 1-loop beta function implies certain conditions of the target space, for
example M must have a Ricci-flat metric. These conditions are satisfied for the N = 1
compactifications described in section 2.2. However, the conformality conditions are modi-
fied at higher loop orders, and we do not know what the all-orders condition of conformal
invariance is. A more fruitful approach is to view the lack of conformal invariance as renor-
malisation group flow—the metric and other target-space fields are quantum corrected
order-by-order in α′. In that case, the question one must ask is: can the metric and field
content be consistently modified such that at each order in α′, the equations of motion and
supersymmetry are satisfied? As discussed in [67,68], the answer, at least in α′ perturbation
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theory, comes from the non-renormalisation the spacetime superpotential. The essence of
the argument comes from holomorphy and the presence of a Peccei-Quinn symmetry. Holo-
morphy implies perturbative corrections must appear in terms of the complexified Ka¨hler
modulus t = a + iV , the complex combination of the volume modulus V and the modulus
a coming from the B-field. The role of the Peccei-Quinn type symmetry is to forbid any
non-derivative couplings involving a, implying a decouples at zero momentum. This is may
be seen by studying the vertex operator associated to a:
Va(k) ∼
∫
Σ
Bmn¯(X) [(∂zX
m + ik · ψψm)∂zX n¯ − (∂zX n¯ + ik · ψψn¯)∂zXm] eik·X. (22)
The indices (m,n) are holomorphic indices along the Calabi-Yau M . At zero-momentum
it takes the form
Va(0) ∼
∫
Σ
Bmn¯(X)∂zX
m∂zX
n¯, (23)
and is interpreted as the pull-back of the two-form B2 via X to the worldsheet Σ. If X is
a topologically trivial map, as is the case in perturbation theory, then this automatically
vanishes. Hence a decouples at zero-momentum, and the four-dimensional effective theory
has a symmetry a→ a+ constant, giving a an axion-like behaviour. This implies a cannot
appear in the spacetime superpotential, and there are no perturbative corrections in t =
a + iV . Consequently, if we have solved the supersymmetry conditions at large radius,
they will be automatically satisfied at all orders in α′ perturbation theory. As hinted at
above, even though our starting point was a Calabi-Yau metric with constant dilaton and
no H3, these will become non-zero at higher orders in α
′/r2 in such a way to preserve
supersymmetry.
This argument is violated by worldsheet instantons, in which X is topologically non-
trivial [71]. The instanton action is given by the pullback of the metric to Σ via X :
Sinst ≃ i
∫
Σ
Gmn¯(∂zX
m∂zX
n¯ + ∂zX
m∂zX
n¯). (24)
Using Ka¨hlerity of Gmn¯, and the fact the instanton corrections to the spacetime superpo-
tential must be holomorphic in t, one can show that stationary points of this action occur
when
∂zX
m = 0. (25)
In this case the instanton action saturates a minimal bound given by Sinst = |
∫
Σ
Va(0)|.
Finally, the instanton must only contribute at genus zero (i.e. on the sphere), as the
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superpotential does not receive any corrections from finite orders in string perturbation
theory [72].
The corrections to the superpotential which are potentially dangerous to the stability
of the vacuum are of the form
W ∼ e2piiT × constant, (26)
where T is the complex superfield corresponding to the scalar fields a + iV . Such contri-
butions are computed via scattering amplitudes of vertex operators that are gauge singlets
(for example, elements of H1(M,EndTM)), and consequently do not couple to the free left-
moving fermions γI . Generically, there exist holomorphic curves of genus zero in Calabi-Yau
manifolds and it would appear, as originally argued in [64], that scattering amplitudes of
the form (26) are non-zero and the vacuum is unstable. However, it is possible that instan-
tons of the form (26) vanish. When could this occur? As pointed out in [33], one possibility
is that there are γI zero-modes in the instanton background. If this is the case, then the
scattering amplitude must vanish, as the gauge singlets do not couple to the γI . Such
zero-modes occur in (2, 2) compactifications, as the left-moving supersymmetry can simply
act on the bosonic zero modes of the instanton. (This is why (2, 2)-compactifications are
stable.) Another possibility is that instantons are present, but when summed up magically
give zero.
In the former case, the precise conditions for when one expects γI zero-modes to oc-
cur are fleshed out in [33, 65] which we parrot here. First, we need to use a theorem of
Grothendieck which states that any holomorphic vector bundle on a two-sphere splits as a
direct sum of holomorphic line bundles. Thus, for a worldsheet instanton wrapping a holo-
morphic curve inM , the vector bundle pulls back to Σ as a direct sum of line bundles. Thus
the left-moving fermions γI are coupled to a direct sum of line bundles. Line bundles on
P1 are classified by a single integer, the integral of their first Chern-class, and are denoted
O(n), where n is the relevant integer. The tangent space to P1 is O(2) while the spin bundle
is O(−1). The Dirac operator for the γI fermions coupled to a vector bundle F is given by
∂¯F⊗O(−1). This implies zero-modes of γi correspond to elements of H0(F ⊗ O(−1)), while
zero-modes of γ i¯ correspond to elements of H1(F ⊗O(−1)). By Grothendieck’s theorem,
F = ⊕iO(ni),
where
∑
ni = c1(F) = 0 (by anomaly cancellation considerations). Zero-modes are counted
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by the dimensions of the relevant cohomology groups, which are given by
h0 (O(n)) =
{
k + 1 k ≥ 0
0 k ≤ −1 ,
h1(O(n)) =
{ −k − 1 k ≤ −2
0 k ≥ −1 , (27)
Note that h0(O(−1)) and h1(O(−1)) are both non-zero, so there is a chance of having
fermionic zero-modes. In fact, if any of the ni are non-zero then there are necessarily
γ zero-modes. The argument just given only applies for single-instantons, but is easily
extended to multi-instantons. If there are zero-modes in the single-instanton background,
then there will be even more zero-modes in multi-instanton backgrounds. 9 In the class
of models where these zero modes are present for every holomorphic genus zero curve in
M , every possible worldsheet instanton vanishes and cannot contribute to the spacetime
superpotential. This renders the vacuum non-perturbatively stable. However, it turns out
that finding explicit examples of the splitting of bundles is quite hard. Furthermore, it is
likely these examples are extremely special, and unlikely to be representative of the larger
moduli space of heterotic compactifications.
Fortunately, it turns that there is a rather large class of compactifications based on
Calabi-Yau complete intersections, in which it is believed worldsheet instantons do not
destabilise the vacuum. The instantons, while non-zero, actually cancel out in a rather
remarkable fashion. These are conformal field theories built as the infrared fixed points of
gauged linear sigma models, a study of which, we will now turn to.
4 (0, 2) Linear Sigma Models
Gauged linear sigma models (GLSMs) have proven to be a versatile tool in exploring the
moduli space of certain (2, 2) SCFTs. As the name suggests this is a two-dimensional
gauge theory, consisting of a number of matter fields with flat kinetic terms coupled to an
abelian gauge group.10 One way to think of the GLSM is that it builds conformal field
theories that coincide with the infrared fixed points of NLSMs with a particular Calabi-
Yau target space. The UV theory (GLSM) and the IR theory (SCFT) are in principle
9In [73] it is argued that (0, 2)-models with a discrete R-symmetry are also free of worldsheet instantons.
Worldsheet instantons generate terms of the form (2727)n in the effective Lagrangian, which lift the bundle
moduli directions. The discrete R-symmetry prohibits such terms from being generated.
10The gauge group can also be non-abelian, although these are associated with hypersurfaces in Grass-
mannians and will not be relevant for the discussion in this review.
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completely different entities, so why is the GLSM useful? The answer lies in the existence
of a number of quantities that are not renormalised under RG. These include F-terms of
the low-energy effective field theory (unnormalised Yukawa couplings) and the singularity
structure of the SCFT (points where string perturbation theory breaks down). Already
this sheds a significant amount of light on the d = 4 compactification, and as we shall see,
these quantities are relatively straightforward to compute.
The parameters space of linear sigma models contain regions or ‘phases’, in which the
underlying SCFT is not necessarily associated with any non-linear sigma model. Instead,
the conformal field theories are described by less geometric constructions, with the canon-
ical example being Landau-Ginzburg theories. The GLSM has a natural generalisation to
theories with (0, 2) supersymmetry, and will be used extensively in our discussion. As has
been persuasively argued in [34–36], conformal field theories built as fixed points of the
(0, 2) GLSM automatically evade the instanton corrections that destabilise the vacuum,
and have proven to be a useful tool in constructing (0, 2) SCFTs.
Despite a promising conceptual framework, little is understood about (0, 2) GLSMs,
and there remain many open questions. Although the (2, 2) GLSM has been successfully
used to understand questions such as the structure of the quantum moduli space of (2, 2)
conformal field theories, and how quantum corrections modify low-energy observables such
as Yukawa couplings, these remain open questions for general (0, 2)-theories. Some of
these questions have been answered for certain (0, 2) theories. These include (0, 2) theories
attained as deformations of (2, 2) theories and exactly soluble models (analogous to Gepner
models). The former class of theories have a geometric interpretation as a sigma model for
a Calabi-Yau target-space equipped with a rank 3 holomorphic vector bundle. The (2,2)
locus amounts to setting the holomorphic bundle to be the tangent bundle of the Calabi-Yau
manifold, and the (0,2) deformations are holomorphic deformations of the tangent bundle.
In this section we aim to give some bare bones details of linear sigma models. As this
material is well-known we will be brief, giving only the pertinent details for later sections
and refer the reader to the original reference [74] for more details.
4.1 The Bare Bone Basics: Field Content and Lagrangian
The most convenient way to describe (0, 2) linear sigma models is in superspace with coor-
dinates x±, θ+, θ
+
, superspace covariant derivatives D+, D+, and supercharges Q+,Q+. For
(0, 2) sigma models that are deformations of (2, 2) linear sigma models, the field content is
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most easily understood in terms of decomposing the (2, 2) multiplets into (0, 2) multiplets.
A (2, 2) gauged linear sigma model is an abelian gauge theory with dimensionful coupling
e0, linear kinetic terms and a gauge group U(1)
r. The field content consists of n chiral
multiplets Φi(2,2), i = 1, . . . , n, with gauge charges Q
a
i , and r gauge multiplets Σa, a =
1, . . . , r. The action consists of the kinetic terms, a superpotential term and a twisted chiral
superpotential term. The last term includes a possible Fayet-Iliopoulos term (see [74] for
more details). Away from the (2, 2) locus these pieces decompose into (0, 2) representations.
The chiral multiplets decompose into (0, 2) multiplets as
Φ(2,2) → (Φ, Γ), (28)
where Φi is a (0,2) chiral multiplet, and Γi is a (0, 2) Fermi multiplet. The (2, 2) twisted
chiral field-strength multiplet splits up as
Σ(2,2) → (Σ, Υ), (29)
where Σ is a (0,2) chiral superfield, and Υ is (0, 2) Fermi multiplet. Working in Wess-Zumino
gauge, the field-strengths Υ have the superspace expansion
Υ = −2(λa,− − iθ+(D − ifa,01)− iθ+θ+∂+λ−,a). (30)
The bosonic multiplets obey a chirality constraint D+Φ = D+Σ = 0 and have an expansion
involving gauge-covariant derivatives ∇:
Φ = φ+
√
2θ+ψ+ − iθ+θ+∇+φ,
Σa = σa +
√
2θ+λa,+ − iθ+θ+∂+σa. (31)
The fermionic matter multiplets Γ are the most interesting new structures to emerge from
the (2,2)→(0,2) reduction. These fields are not chiral, but rather satisfy
D+ΓA =
√
2EA(Φ,Σ), (32)
where on the (2,2) locus the index A = i = 1, . . . , n and the functions Ei are given by
Ei = i
√
2
∑
a
QaiΦ
iΣa. (33)
Off the (2, 2) locus the Ei are in general holomorphic functions of the Φi and Σa multiplets.
The explicit superspace expansion is given by
Γi = γi− −
√
2θ+Gi − iθ+θ+∇+γi− −
√
2θ
+
Ei(Φ,Σ)
= γi− −
√
2θ+Gi −
√
2θ
+
Ei(φ, σ)
− iθ+θ+ [∇+γi− + 2iEi,jψj+ + 2iEi,aλa,+] . (34)
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For (0, 2) theories not attainable as deformations of (2, 2) models, the number of fermi
multiplets does not necessarily equal the number of chiral multiplets, reflected by the use
of the index A = 1, . . . , N and i = 1, . . . , n. For the most part of the next section we will
set A = i and N = n, though in section 5 we will relax this.
The classical Lagrangian consists of the standard flat kinetic terms
LKE =
∫
dθ+dθ
+ 1
8e20
ΥaΥa +
i
2e20
Σa∂−Σa + i2Φ
i
(∂− + iQai Va,−)Φ
i + 1
2
Γ
A
ΓA, (35)
together with a set of superpotential couplings given by
LJ = − 1√2
∫
dθ+ ΓIJI(Φ)|θ+=0 + h.c.. (36)
Not all of the E and J couplings are independent however, and are related by a supersym-
metry constraint. This ensures the Lagrangian LJ preserves (0, 2) supersymmetry:∑
A
EAJA = 0. (37)
On the (2,2) locus, i = A, Ji = P,i = ∂P/∂Φ
i and the constraint reduces to
Φ0Σa
[
Qa0P +
∑
i
QaiP,i
]
= 0, (38)
where the equality follows from the quasi-homogeneity properties of P implied by gauge
invariance. Clearly, this is not the only way to satisfy the constraint. Replacing the P,i with
polynomials JA of same charge, and choosing more general E
A as we did in the V -model,
we will find a theory with (0,2) supersymmetry if
E0P + Φ0EAJA = 0. (39)
Finally, there is a twisted superpotential coupling realising a FI term
LF-I = 14
∫
dθ+
r∑
a=1
τaΥa + h.c.. (40)
where τa are the complexified Fayet-Iliopoulos parameters: τa = iρa + θa/2π. The action
has an classical symmetry U(1)L×U(1)R with charges display in table 2. On the (2,2) locus
these are just the classical left-moving and right-moving R-symmetries. In the heterotic
string the U(1)L is a global symmetry used to defined the GSO projection as discussed in
section 3.2.
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θ+ Φi Γi Σa Υa
U(1)R 1 0 0 1 1
U(1)L 0 0 −1 −1 0
Table 2: The U(1)L × U(1)R symmetry charges for the V -model.
4.2 Vacuum Structure and Phases
The phase structure of the (0, 2) GLSM is studied in the same way as the (2, 2) model,
though one finds a richer structure. To illustrate the features we will use in this review, let
us focus on the simple example of the quintic. In that case there are five chiral multiplets Φi
of gauge charge +1, a single chiral multiplet Φ0 of charge −5 and a corresponding number
of fermi multiplets Γi,Γ0. The superpotential terms J i = φ0Ji(Φi) and J 0 = P (φi), where
the vanishing of P defines the hypersurface, while the holomorphic functions Ji are tied up
in defining the bundle on the quintic (on the (2, 2) locus Ji = ∂W/∂φ
i with W being the
(2, 2) superpotential).
Integrating out the superspace coordinates in (35)-(40), one finds a bosonic potential
given by
U ≃ |P |2 + |φ0|2|Ji|2 + e
2
0
2
(∑
Qi|φi|2 +Q0|φ0|2 − r
)2
+ EAE
A
(41)
and Yukawa interactions
Lyuk ∼ γA−ψj+
∂EA
∂φj
+ λ+γ
A
−
∂EA
∂σ
+ γi−ψ
j
+
∂Ji
∂φj
+ γi−ψ
0
+
∂Ji
∂φ0
+ h.c. (42)
where A = i = 1, . . . , n. It turns out that for any hypersurface in a projective space we
can, by a choice of field redefinitions, pick
Ei = φiσ, E0 = −5φ0σ (43)
The Calabi-Yau phase (geometric phase) corresponds to r ≫ 0, in which semi-classical
analysis is a good approximation. The ground state is given by φ0 = 0 and
∑
Qi|φi|2 = r,
which after quotienting by the U(1), gives a projective toric variety. We also have to set
the superpotential P = 0, and this defines a hypersurface in the toric variety.
The massless spectrum of the worldsheet fields is easy to work out, and exhibits how
the linear sigma model describes the bundle F . The right-moving fermion ψ0+ gets a mass
together with one linear combination of the left-moving fermions γi− via the Yukawa cou-
plings. It is not hard to see that the remaining left-moving fermions γi− are massless and
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transform as sections of the bundle F defined by
0 // Or|M E // ⊕iO(Di)|M J // O(
∑
iDi)|M // 0 , (44)
Likewise, the left-moving fermion γ0− gets a mass together with a linear combination of the
right-moving fermions ψi+ via the Yukawa coupling γ
0
−ψ
i
+. There is also the Yukawa coupling∑
i ∂σE
iλψi+φ¯i which gives a mass to another one of the fermions ψ
i
+. The remaining
fermions ψi+ remain massless and transform as local sections of the tangent bundle TM .
Thus, we see the right-moving fermions are sections of the tangent bundle, while the left-
moving fermions are sections of the gauge bundle in agreement with our intuition from the
non-linear sigma model constructions
The Landau-Ginzburg phase happens at small radius corresponding to r ≪ 0. The
minimum of U is at |φ0|2 = |r|/5, φi = 0. The gauge symmetry is spontaneously broken,
and as Φ0 has charge −5 it is broken to the discrete subgroup Z5. The φ0 field becomes
massive being integrated out of the low-energy theory. The fermion ψ0 is also massive via
a Yukawa coupling. This leaves one with a Z5 Landau-Ginzburg orbifold described by the
superpotential
SLG =
∫
d2σdθ+ Γ0P (Φ) + ΓiJi(Φ). (45)
The point r = θ = 0 corresponds to a singularity in the low-energy theory. A non-compact
direction in field space is opened up. Nonetheless, the singularity is codimension one, and
one can show the spectrum of low-lying states is continuous as one varies from r ≫ 0 to
r ≪ 0. The phase picture becomes more intricate when we consider more gauge groups
and complete intersections, though is straightforward to work out (see [75]). Although we
have restricted to a simple example it is straightforward to extend this to more intricate
examples, involving higher rank gauge groups. For example, for a suitable choice of ρa, the
real part of τa, the classical moduli space of the gauge theory is
M0(r) =
{
Da =
∑
iQ
a
i |φi|2 − ρa = 0
}
/[U(1)r], (46)
which is a symplectic quotient presentation of a toric variety. A more detailed discussion
is given in say [76].
4.3 The Parameter Space of (0, 2) Linear Sigma Models
The linear sigma model with (2, 2) supersymmetry has a parameter space that does not
capture the entire moduli space of the string compactification. It only captures the “toric”
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subset of Ka¨hler moduli, and complex structure deformations that are representable as
polynomial deformations. What bundle deformations of the standard embedding do linear
sigma models capture? Said differently, how many (0, 2) deformations of (2, 2) models are
there? This was answered in recent work [77], to which we will now summarise. A warning
to the reader: this subsection contains an amount of toric geometry. Reviews on toric
geometry for physicists may be found in a number of places e.g. [76–78].
For example, let us study the linear sigma model that describes a hypersurface in a toric
variety V . This is termed theM-model, and will be studied in more detail below. The field
content, described in the previous subsection above, has n+1 Fermi multiplets obeying the
constraint (32) which introduces the E-parameters. It is straightforward to compute the
number of these parameters being given by
#E = r(1 + dim A˜utV ). (47)
where dim A˜utV is related to the automorphism group of the toric variety V via the exact
sequence11
1 // G // A˜utV
// Aut V // 1, (48)
where G = U(1)r for us, so that essentially dim A˜utV = dimAut V + r. The M-model has
a number of superpotential couplings given in (36). The number of parameters in the (0, 2)
superpotential is counted by the number of parameters in the Ji functions. This turns out
to be
#J = nℓ(∆)−
∑
ρ∈∆◦
∑
m∈∆
δ(〈m, ρ〉+ 1) (49)
where l(∆) is the number of lattice points interior to the Newton polytope ∆ defining the
hypersurface P = 0 ⊂ (C∗)d. This corresponds to the number of independent monomials
making up the generic polynomial P . The second term is trickier to explain. ∆◦ is the poly-
tope dual to ∆, with lattice points along the edges of ∆◦ corresponding to the coordinates
of the sigma model (there are n of them in total). As these are dual polytopes, elements of
the polytopes have a natural inner product 〈 , 〉, and the delta function then implies the
second term counts the number of points whose natural inner product is −1. We also need
to take into account that not all of E and J parameters are independent, with some being
related by the supersymmetry constraint (37). This eliminates rl(∆) parameters.
11As we are interested in deformations of the tangent bundle, we consider only the connected component
of the Automorphism group of V .
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We need to take into account some of the parameters entering into the Lagrangian may
be eliminated with field redefinitions that modify only the presumably irrelevant D-terms
of the linear sigma model. For example, there are the rescalings of Φ and Γ multiplets, as
well as the GL(r,C) rotations of the Σa multiplets. Field redefinitions of the Φ
i turn out
to eliminate
#δΦ = dim A˜utV (50)
parameters. Similarly redefinitions of the fermionic multiplets eliminate
#δΓ = #δΦ +
∑
ϕ
∑
m∈riϕ
[
n− 2−
∑
ρ
δ(〈m, ρ〉)
]
, (51)
where ϕ are the facets (codimension 1) faces of the polytope ∆ and riϕ denotes their
relative interior. Note that when V is a product of projective spaces #δΓ = #δΦ. We must
also take into account that field redefinitions that act as gauge or U(1)L transformations
do not act on the action.
We are almost ready to count the number of deformations counted by the linear sigma
model. The remaining aspect we need to account for is a subtle issue of resolving singu-
larities in the ambient toric variety. Generically, the toric variety will have a number of
suitably mild singularities, say w of them, that may be resolved in a fashion that preserves
the properties of the hypersurface, in particular that it is smooth and Calabi-Yau (for a
summary of this from the point of view of toric geometry see [77]). For each resolution, the
corresponding sigma model has an additional Ka¨hler parameter and for the class of Calabi-
Yau’s we are interested in these singularities will not intersect the hypersurface. From the
point of view of the linear sigma model, this means the corresponding w Ka¨hler parameters
are irrelevant in the IR and do not correspond to real deformations of the SCFT. These w
parameters are to be discounted from the parameter count. Altogether then we have the
following count of deformations
N(M) = 1− w − (r − 1)(r +#P −#δΦ− 2) + #J −#δΓ. (52)
A special class ofM-models are known as reflexively plain. Geometrically this occurs when
the automorphism groups are as small as possible—the automorphisms of M are those
inherited form the [C∗]d reparameterisations of the algebraic torus of V . From the point
of view of the linear sigma model this means there are no ‘off-diagonal’ E-deformations:
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Eia(φ) = e
i
aφi (for a = 1, . . . , r with no sum on i) and the field redefinitions are simple
rescalings12
Φi → uiΦi ΓA → vAΓA (no sum).
If we define a mirror hypersurfaceM◦ given by exchanging ∆ with ∆◦, thenM andM◦ give
rise to a pair of linear sigma models with the same number of deformations N(M) = N(M◦).
This suggests some type of map between the two models, which we will explore in section 4.8
below.
If a model is reflexively plain then there is a convenient parameterisation of the defor-
mations that is manifestly invariant under field redefinitions. As the field redefinitions and
E-parameters are diagonal, it is convenient to combine the r Σa multiplets into a vector Σ.
Then, we can express the E-couplings as
E0 = Φ0Σ · δ, Ei = Σ ·Ei(Φ), (53)
where δ is a vector of parameters. The polynomial defining the hypersurface M ⊂ V is
given by
P (φ) =
∑
m∈∆
αmµm, (54)
where µm are the monomials in φ
i defined by the polytope ∆. Similarly, homogeneity of
Ji(φ) implies
ΦiJi =
∑
m∈∆
jmiµm, (no sum on i) (55)
Under a set of chiral field redefinitions, ones with ui 6= vi, the path integral measure
transforms anomalously, resulting in an effective shift of the Ka¨hler parameters qa. Unlike
(2, 2) theories, the parameters qa are ambiguous in (0, 2) theories. One can then show that
a set of invariant “Ka¨hler” parameters under these field redefinitions is given by
κa ≡ qa
∏
i
(
j0i
α0
)Qai
. (56)
Note that on the (2, 2) locus these reduce to the usual qa. A set of invariant “complex
structure” coordinates is given by
κ̂â ≡
∏
m6=0
(
αm
α0
)Q̂âm
. (57)
12 Combinatorially, this means there are no interior points of facets of the Newton polytope ∆ or its dual
∆◦.
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We also define
γi ≡ j0i
α0
ei, and bmi ≡ α0jmi
αmj0i
− 1 for m 6= 0. (58)
Assuming αm 6= 0, the supersymmetry constraint E · J = 0 implies
δ = −
∑
i
γi,
∑
i
bmiγ
i = 0 for m 6= 0. (59)
On the (2, 2) locus the matrix bmi has rank d, which determines the γ
i to be in the r-
dimensional kernel of b, implying γi and δ are determined up to GL(r,C) field redefinitions.
In fact, the only time b is not rank d is when the model is singular and the bundle jumps
rank becoming a sheaf. The utility of this parameterisation will become clear when we
come to discussing the singular locus and (0, 2) mirror map.
4.4 Twisting (2, 2) Linear Sigma Models
The (2,2) linear sigma model, like its non-linear cousin, admits topological twistings. This
involves shifting the Lorentz generator by a linear combination of the U(1)L and U(1)R
R-symmetries. There are essentially two possibilities: twisting by a vectorial combination
(A-twist) and twisting by an axial combination (B-twist). As we consider heterotic string
compactifications the (0, 2) linear sigma models we consider still have a U(1)L × U(1)R
symmetry, with the former now becoming a global symmetry. This allows us to define the
generalisations of these twists which we denote the A/2-twist and B/2-twist.
Just like (2, 2) models, this results in the spins of fields shifting—for example, all the
fermions become either scalars or one-forms. Unlike (2, 2) models there is only one super-
charge that becomes a scalar. Hence, the BRST cohomology is defined by the kernel of
the scalar right-moving supercharge Q. This cohomology ring is infinite dimensional as
opposed to the (2, 2) case, so it is not a priori obvious that many of the techniques, for
example localisation, will carry over. However, the presence of the U(1)L allows us to define
a finite dimensional subring [79,80] with which many of the localisation techniques hold. In
particular, one looks for states that satisfy the usual chiral ring relation hL,R = ±12qL,R;13
the ground ring is then shown to coincide with the usual chiral ring on the (2, 2) locus, and
also exists when there is no (2, 2) locus.
13A lovely explanation of the chiral ring in N = 2 SCFTs is given in [81].
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4.5 A/2-Twisted V -model
In the absence of a superpotential, the sigma model, called here the V -model, describes a
target space given by the toric variety V . As this space is not Ricci-flat the sigma model
does not actually flow to a conformal field theory, instead flowing to a trivial fixed point.
Nonetheless, it is possible to construct an A/2-twisted V -model and it may be shown to
have a well-defined notion of a quantum cohomology ring. Furthermore it proves to be a
useful warm up for the M-model where there is a non-trivial superpotential.
The A/2 twist of the (0,2) NLSM with toric target-space was considered in [82]. The
point of view advocated in [82] was to combine the familiar structure of (2,2) worldsheet
instantons with the notion that in (0,2) theories the basic A/2 twisted observables (the σa
in our case) should correspond to classes in H1(V,F∨). Classically (i.e. for constant maps),
the computation of a correlator is reasonably clear: 〈σa1 · · ·σad〉 should yield a map
H1(V,F∨)×H1(V,F∨)× · · · ×H1(V,F∨)→ Hd(V,∧dF∨) ≃ Hd,d(V ) ≃ C. (60)
The second-to-last isomorphism automatically holds in theories with a (2,2) locus [80].
By using the universal instanton construction, the authors of [82] described how to pull
back the bundle (more generally, sheaf) F to a sheaf onMn and in principle compute the
induced sheaf cohomology on the instanton moduli space. As usual in NLSM computations,
these results required some choice of compactification of the instanton moduli space. In
the case when V is a toric variety, the GLSM naturally provides such a compactification.
The ideas in [82] were refined and developed in [83], culminating in a general method
for computing the A/2 correlators in the V -model. The result should be thought of as a
quantum deformation of the sheaf cohomology on H∗(V,∧kF∨).
While the method of [82,83] is well-motivated and leads to sensible results, it is desirable
to compute correlation functions directly in the sigma model. This was worked out in detail
in [84, 85] and led to a number of interesting conclusions. Firstly, it directly showed the
sheaf cohomology computations of Katz-Sharpe did indeed coincide with the correlators
computed by the linear sigma model. Secondly, it gave a direct way of computing the
quantum cohomology relations (as opposed to computing correlators and extracting the
relations indirectly). Finally, by studying the linear sigma model action and zero mode
structure in an instanton background, it gave a natural generalisation of toric intersection
theory to (0, 2) sheaf cohomology. Let us outline some of these results in a bit more detail.
In the following sections we will always assume the sigma models have a (2, 2) locus, and
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therefore not distinguish the A and i indices.
4.5.1 Coulomb Branch
One approach for deriving the (0, 2) quantum cohomology relations is when the linear sigma
model has a Coulomb branch [85]. When V is Fano, then there always exists a region in
the Ka¨hler parameter space where supersymmetry is broken classically. In fact, this is not
true in the quantum theory: quantum effects restore supersymmetry resulting in a number
of discrete Coulomb vacua. In this phase the σ fields obtain large VeVs, the Φi,Γi matter
multiplets get massive, and the dynamics of the Σa multiplets are determined by an effective
twisted superpotential given by
Leff =
∫
dθ+
r∑
a=1
ΥaJ˜a(Σ)|θ+=0 + h.c., (61)
with
J˜a = log
[
q−1a
∏
α
detM
Qa
(α)
(α)
]
, (62)
where the M(α) are given by
D+Γ(α) = 2iM(α)Φ(α), M(α) =
r∑
a=1
ΣaE
a
(α), (63)
where Φ(α) is a vector of fields of the same gauge charge of length k(α), and M(α) is a
k(α) × k(α) matrix mixing these fields. This effective superpotential encodes the quantum
cohomology relations of the A/2-twisted V -model, and localisation techniques applied in
the non-geometric phase yield the correlators in the V -model. These results are all natural
generalisations of the (2, 2) A-twisted model discussed in [74, 76, 86]. Indeed, the effective
potential allows us to read off the quantum cohomology relations directly:
〈σa1 · · ·σak
∏
α|Qa
(α)
>0
detM
Qa
(α)
(α) 〉 = qa〈σa1 · · ·σak
∏
α|Qa
(α)
<0
detM
−Qa
(α)
(α) 〉 for all a. (64)
As on the (2,2) locus, it is easy to extend this description to an explicit formula for the
genus zero A/2-twisted correlators. A simple generalisation of the localisation formulae
in half-twisted Landau-Ginzburg models yields the correlators as a sum over the common
zeroes of the J˜a(σ):
〈σa1 · · ·σak〉 =
∑
σ|J˜=0
σa1 · · ·σak
[
det
a,b
J˜a,b
∏
α
detM(α)
]−1
. (65)
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As expected, the correlators are position-independent, given by meromorphic functions
of the qa and the E-deformations, and satisfy the quantum cohomology relations. When
applied to the example of V ≃ P1×P1, the results are in agreement with the computations
of [83].
4.5.2 Gauge Instantons
An alternative approach to understanding the correlation functions and quantum cohomol-
ogy is via the geometric phase, in which case the D-terms have classical solutions given by
gauge instantons. In that case the linear sigma model reduces to a non-linear sigma model
with a geometric target space. In that case the relevant BPS configurations are given by
∂zσa = 0, E
aiσa = 0 (no sum on i), ∇zφi = 0, Da + fa = 0, (66)
Comparing these conditions to those of the topological theory at the (2,2) locus, we see
that as long as Eai(φ) has rank r for all φ outside the exceptional set (this will be true
for small E-deformations), the only solution to the first two conditions is σa = 0, and the
last two are solved by gauge instanton configurations whose topological class is labelled by
instanton numbers
na = − 12pi
∫
fa. (67)
Thus we find that just as on the (2, 2) locus, the moduli space of BPS configurations is given
by the moduli space of gauge instantonsMn. We can compute the quantum cohomology of
the (a, c)-ring by evaluating the gauge instanton configurations sector-by-sector. For (2, 2)
linear sigma models, this is explained in detail in [76]. It essentially involves reducing the
calculation to an integral over the zero modes of the instanton configuration. The moduli
space of which is described is a compact toric varietyMn. Each of the chiral ring elements
σa lift to a cohomology class ηa ∈ H2(Mn,Z). The correlator evaluated in the nth gauge
instanton sector
〈σa1(x1) · · ·σak(xk)〉
is then given by doing a corresponding intersection computation onMn, denoted by #(. . .):
〈σa1(x1) · · ·σak(xk)〉 ↔ #(ηa1 · · · ηak)Mn . (68)
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As Mn is toric, there are well-defined rules for doing this computation. The final result is
then given by a sum over gauge instantons:
〈σa1 · · ·σak〉 =
∑
n∈K∨
#(ηa1 · · · ηakχn)Mn
r∏
a=1
qnaa , (69)
where qa = e
2piiτa and χn is the Euler class of a certain obstruction bundle.
It is shown in [84] that this generalises in a natural way to (0, 2) theories once one has
developed a generalisation of toric intersection theory to sheaf cohomology on H∗(V,F∨).
This is an alternative approach to that developed in [82], relying more on toric type compu-
tational techniques that the linear sigma model naturally generates. We will not describe
the toric intersection theory in detail here, instead referring the reader to the original ref-
erence [84].
4.6 A/2-Twisted M-Model and 27
3
Yukawas
With a non-trivial superpotential turned on, the linear sigma model now describes a hyper-
surface M ⊂ V . In order to consistently construct the model we need to add an additional
chiral multiplet Φ0 with gauge charge Qa0 = −
∑
iQ
a
i . The superpotential couplings are
then
LJ =
∫
dθ+
[
Γ0P (Φ1, · · · ,Φn) +
n∑
i=1
ΓiΦ0Ji
]
+ h.c.,
where on the (2, 2) locus, Ji = ∂P/∂Φ
i.
TheM-model has two types of (0,2) parameters: the E-parameters familiar from the V -
model, and the J-parameters appearing in the superpotential couplings above. The two sets
are not independent but must satisfy the (0,2) SUSY constraint. The geometric structure
encoded by the E and J is a choice of bundle F on the Calabi-Yau hypersurface M ⊂ V .
F is a deformation of TM , whose sections are described as the cohomology of the sequence
0 // Or|M E // ⊕iO(Di)|M J // O(
∑
iDi)|M // 0 , (70)
F = ker J/imE. Physically, this sequence arises in the geometric phase of the GLSM as a
description of the fermions in the low energy NLSM [74,87].
The A/2-twist of the M-model proceeds in an analogous fashion to the V-model. The
supercharge QT = Q+ becomes a nilpotent scalar whose cohomology is represented by the
σa fields and correspond to elements ofH
1,1(M) being pull-backs of elements ofH1,1(V ). All
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the anti-holomorphic components are QT -trivial, and under some reasonable assumptions,
correlators do not depend on them. The moduli space of BPS configurations is that of the
V -model (66) together with
φ0Ji = 0 for i > 0, and P (φ) = 0. (71)
This defines a hypersurface M ⊂ V together with φ0 = 0. This defines a moduli space
Mn;P ⊂ Mn which while still compact, is difficult to describe. Most importantly it is no
longer toric and the V -model methods do not directly apply. This is reminiscent of the (2, 2)
linear sigma model analysis, which as argued in [76], one can relate M-model correlators to
V -model correlators via the quantum restriction formula. In [84], the quantum restriction
formula is generalised to (0, 2) linear sigma models given by deformations of (2, 2) theories.
In particular an M-model correlator (denoted by 〈〈. . .〉〉M) is related to V -model correlator
via
〈〈σa1 · · ·σad〉〉M = 〈σa1 · · ·σad
−M0
1−M0 〉V , (72)
where M0 is defined as
D+Γ0 = 2iM(0)Φ0. (73)
On the (2,2) locus M(0) = −
∑
iQ
a
i σa and corresponds to the anti-canonical divisor on V .
The left-hand side of (72) is theM-model correlator, while the right hand side is a V -model
correlator. One can then compute the correlator using either a sum over gauge instantons
or the Coulomb branch technique.
The correlator computed in (72) involves (a, c)-ring elements σa and are related to the
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Yukawa couplings of the physical theory. Although this is part of the story in computing
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3
Yukawas, the computation is still not complete. Essentially, what (72) determines are
the F-terms of the low-energy effective field theory; one still needs to compute the D-terms,
which is equivalent to normalising the fields.
Although in the above we have essentially restricted to Calabi-Yau’s built as hypersur-
faces, these result generalise rather easily to complete intersections. Some of this has been
developed in [84].
4.6.1 Singular Locus
The quantum restriction formula gives a simple way to compute the A/2-twisted M-model
correlators. From these we may extract the quantum cohomology relations and determine
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the locus in the qa,M(α) parameter space where the correlators have poles. As on the
(2,2) locus, these singularities should signal a singularity in the (0,2) SCFT. As in type
II theories, we expect that here world-sheet perturbation theory breaks down and non-
perturbative effects are necessary to resolve the SCFT singularity. These effects are not
well understood in the heterotic string, and a parametrisation of the singular locus in
parameter space is an important step in studying this phenomenon.
In (2,2) theories it is well-known that the singular locus of the GLSM may be determined
without computing a single correlator. The basic tool used is the effective potential govern-
ing the Σa multiplets at large σa VeVs. This potential is easily obtained by integrating out
the Φi multiplets at one loop. We have already discussed how a similar potential may be
computed off the (2,2) locus—a similar potential may be used to study the singular locus
of the theory. After integrating out all the massive multiplets, in a similar fashion to what
is done in (2, 2) theories, one finds a twisted superpotential similar to that in eqn. (61):∏
α
detM(α)(z)
Q1α = (−∆)∆q1,∏
α
detM(α)(z)
Qaα = qa for a > 1, (74)
where ∆ = Q10 (we are in a basis where Q
a
0 = 0 for a > 1). These are r = n− d equations
for r − 1 variables za = σa/σ1. Generically, these equations are over-determined and do
not have a solution. However, there are non-generic loci where these equations do have a
solution. This indicates a singularity in the theory, since the σa are fixed only up to an
overall scale. This leads to a non-compact direction in field space, leading to a divergence
in the σ correlators. By studying the correlators computed by the quantum restriction
formula (72) one can check they diverge precisely at the points where the equations (74)
are satisfied.
The singular locus takes an elegant form when M is reflexively plain. Using the param-
eterisation given at the end of section 4.3 we find∏
ρ
[
σ · eρ
σ · δ
]Qaρ
= qa, (75)
have a solution for some σ 6= 0. This is nicely rewritten in terms of our invariant coordinates
as ∏
ρ
[
σ · γρ
σ · δ
]Qaρ
= κa. (76)
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The interpretation of this singularity in terms of the bundle is that the rank of F increases
at the singular point, implying that F is no longer a bundle, but a sheaf. We also note that
a classical singular bundle can lead to a well-defined theory away from large radius.
4.7 B/2-twisted M-model and 273 Yukawas
The M-model also admits a B/2-twist via the axial combination of U(1)L × U(1)R. This
twisting leads to the same QT as the A/2-twisted theory: namely Q+ becomes a nil-
potent scalar operator. It’s unsurprising therefore that the half-twisted theory localises
onto Mn;P—the same locus as the A/2-twisted theory. However, the theories are quite
distinct: the twistings of the fields in the linear sigma model are different, resulting in a
different set of local observables and different non-vanishing correlators. Just as for the
B-twisted model, the gauge invariant observables are of the form Oα = φ
0fα(φ) where
fα(φ) is a polynomial in the φ
i fields. On the (2, 2) locus these are the gauge invariant
monomials that appear in the superpotential, and correspond to complex structure moduli.
Off the (2, 2) locus these operators remain perfectly well-defined, and form a basis for the
B/2-twisted cohomology, being analogous to the (c, c) chiral ring.
On the (2, 2) locus, the B-model is independent of the Ka¨hler parameters qa and hence
of quantum corrections. For (0, 2) theories the story is not as clean. What one can show
is that there exist a “large” class of models that are independent of qa and hence quantum
corrections. In fact, one can do better. If these models have a Landau-Ginzburg phases then
the theory is actually independent of the E-parameters. This implies a nice decoupling ar-
gument: A/2-twisted correlators depend only on qa and E-parameters; B/2-twisted models
(satisfying certain conditions) depend only the complex structure moduli and J-parameters.
This decoupling is important to any generalisation of mirror symmetry to (0, 2) theories, a
point with which we will return to momentarily.
To determine which model are independent of quantum corrections (i.e. the qa) one
needs to study the fermion zero modes in a given instanton background. That is, suppose
we are computing a correlator of observables in a gauge instanton background with instanton
number n. Then,
〈O1 . . .Os〉n = 0
unless
1. s = d− 1 (ghost number selection rule)
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2. d0 =
∑n
i=1Q
a
i na = 0 which follows from the structure of the φ
0 zero modes. If we are
in a product of projective spaces, this suffices to show all gauge instanton corrections
vanish.
3. I+ = I− and
∑
i∈I<−1(−di − 1) =
∑
i∈I>1(di − 1) where di =
∑r
a=1Q
a
i na and we have
defined a number of sets:
I− = {i ∈ I|di < 0} ,
I0 = {i ∈ I|di = 0} ,
I+ = {i ∈ I|di > 0} . (77)
with similar definitions applying for I<−1 and I>1.
4. I0 ≥ r − 1 which follows by studying the gaugino λa zero modes.
Unfortunately, these elegant conditions are not sufficient to rule out non-trivial instanton
contributions in all generality. Consider the two-parameter M-model with charges
Q =
(−4 1 1 0 0 1 1
0 0 0 1 1 −1 −1
)
. (78)
with hypersurface defined by the vanishing of
P = φ41 + φ
4
2 + (φ
4
3 + φ
4
4 + φ
2
3φ
2
4)φ
4
5 + (φ
4
3 + φ
4
4)φ
4
6. (79)
It is easy to see that P = 0 defines a smooth hypersurface in V , and that all the selection
rules are satisfied. Consequently, the zero mode analysis is not enough to rule out quantum
corrections in this model. What is one to make of this?
An interesting perspective on this question was found in [88] for (2, 2) non-linear sigma
models. In that case, one can either construct the B-twist or B/2-twist. In the former,
the theory is manifestly independent of quantum corrections; in the latter it is not at all
obvious and in particular, it seems possible that non-trivial gauge instantons may contribute
to correlators. What [88] show is that when the selection rules permit gauge instantons to
contribute, the integral of the bosonic zero modes amounts to integrating an exact form
over an instanton moduli space. If there is to be any non-zero contribution, it must comes
from the boundary of the moduli space. Thus if one is working with compact moduli spaces
this contribution is zero, and in particular, the linear sigma model moduli spaces are nicely
compact. However, [88] worked with non-compact toric Calabi-Yau’s—it is not clear how
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these results generalise to compact Calabi-Yau’s in which the moduli space Mn;P ⊂ Mn is
no longer toric. But it is very tempting to believe that this analysis should carry over for
Calabi-Yau hypersurfaces. Thus, it remains an interesting open question: are there really
quantum corrections in such B/2-twisted linear sigma models?
What if we are working with a model in which there are no quantum corrections? In
that case the theory is independent of the qa and answers do not depend where in the
Ka¨hler moduli space the computation is done. If the linear sigma model admits a Landau-
Ginzburg description,14 then one can show that correlators reduce to Landau-Ginzburg
orbifold computations familiar from studies of (2, 2) models. These correlators are computed
using the standard residue formulae [90–92] and are related to the (27)3 Yukawa couplings
(up to the question of computing the relevant D-terms, thereby normalising the matter
fields in the spacetime effective field theory). A second interesting fact is in these class of
models E-parameters decouple from physical observables. A clue to seeing how this works
is to realise that deep inside the Landau-Ginzburg phase the Φ0,Γ0 and Σa multiplets
become massive, thereby decoupling. Hence, the resulting light fermion multiplets obey
the constraint D+Γi = 0, and independent of variations of the E-parameters. We have not
been overly careful in coming to this conclusion and the interested reader is urged to look
at the original reference for more details [84].
4.7.1 Singular Locus
The singular locus of the B/2-twisted model, as in the B-twisted M-Model, comes from the
Φ0 multiplet becoming light. This happens if and only if there exists a point p ∈ M such
that Ji(p) = 0 for i = 1, . . . , n. When the model is reflexively plain, this was worked out
explicitly in [93]. In terms of the parameters described in section 4.3, the singular locus is
given by ∏
m6=0
[
σ̂ · γ̂m
σ̂ · δ̂
]Q̂âm
= κ̂â, (80)
for some non-zero σ̂. Like its A/2-twisted cousin it interpolates between two familiar
notions: singularities of M and singularities of F . On the (2, 2) locus, the singularity
occurs in the complex structure of M ; off the (2, 2) the singularity may indicate a jump
in the rank of the bundle F . An important difference between the A/2-twisted singular
14See [89] for recent work in deriving conditions for the existence of affine Landau-Ginzburg models.
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locus and the B/2-twisted singular locus is the latter is determined purely by classical
computations while the former includes all the quantum effects.
4.8 Linear Sigma Model Mirror Map
Mirror symmetry in (2, 2) models is the statement that two compactifications on topologi-
cally distinct Calabi-Yau’s
M ↔M◦
yield identical four-dimensional field theories. This in turn implies a pairing between Calabi-
Yau’s—a result of striking mathematical importance. In the heterotic string, one has an
additional degree of freedom—a holomorphic vector bundle. A fascinating question that
has been generating some interest of late is there a generalisation of mirror symmetry to
the heterotic string? Presumably mirror symmetry would involve a pair-wise exchange of
Calabi-Yau together with a choice of vector bundle:15
(M,F)↔ (M◦,F◦) (81)
For (0, 2)-models attained as deformations of (2, 2) models, the answer to this question
is in some sense already known. Mirror symmetry for Calabi-Yau’s on the (2, 2)-locus
implies the a pair of identical SCFTs. Consequently, the number of deformations of the M
SCFT and the M◦ SCFT must be identical. However, what is not obvious is whether these
deformations are realised by the linear sigma model for each of these Calabi-Yau’s. In the
(2, 2) case we were somewhat lucky: the moduli space probed by the linear sigma model
(toric Ka¨hler deformations and monomial complex structure deformations) was preserved
by the mirror map. Is the same true for bundle deformations?
When the M-model is reflexively plain it is argued in [93] the answer to this question
is yes. In fact, it is possible to write down an explicit map showing how the linear sigma
model parameters map between each other.16 This map on the (2, 2) locus was known
as the monomial divisor mirror map, and was written down in [94]. The generalisation
to reflexively plain models is nicely outlined in [93]. The basic idea, as with (2, 2) linear
sigma models, is that if we define two linear sigma models, theM-model and theM◦-model,
15The fact the mirror exchange would occur pairwise is not obvious. For example, there might a triplet
of compactifications giving rise to identical four-dimensional field theories.
16These UV parameters are related to the moduli of the underlying SCFT by a non-trivial RG flow. For
(2, 2) theories this RG flow is computable via mirror symmetry. We do not yet have the technology to
extend this analysis even to reflexively plain models that are deformations of (2, 2) theories.
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these should lead to isomorphic SCFTs. The relation between the parameters defining these
two linear sigma models is known as the algebraic mirror map (or the monomial divisor
mirror map). Under this map the linear sigma model moduli spaces of the two theories
are exchanged, as are the chiral rings. This is reflected by the A/2-twist of the M-model
being identical to B/2-twist of the M◦-model. It is not yet known how the chiral rings are
exchanged, however it is known how to map the parameters defining the relevant sigma
models.
Of course, we are not mapping the full moduli space—instead we are restricting to the
subset of parameters that are realised by the linear sigma model. For (2, 2) models these
are known as toric Ka¨hler deformations (Ka¨hler deformations of M that descend from the
ambient toric variety V ) and polynomial complex structure deformations (deformations of
M realised by coefficients of monomials in P = 0 ⊂ V ). For (0, 2) models one is restricted
to E-parameters and J-parameters—deformations representable as a monad sequence—and
it is these parameters we will map.
In the coordinates of the end of section 4.3 the conjectured map takes an elegant form.
The mirror map amounts to exchanging ∆,∆◦, transposing the matrix b, and exchanging
κa and κˆaˆ.
A first check of this map is that it reduces to the usual monomial divisor mirror map
on the (2, 2) locus. This is clear once one realises the matrix b reduces to the matrix
πmi = 〈m, i〉 defined in [94] where m ∈ ∆ and i ∈ ∆◦. A more non-trivial check is to
check that the singular loci of the underlying SCFTs are mapped. That is, the M-model
A/2-twisted singular locus is exchanged with M◦-model B/2-twisted singular locus and
vice-versa. However, the parameterisation of section 4.3 makes this manifest: one sees
that (76) and (80) are exchanged under the map. Thus, the conjectured mirror map looks
extremely plausible. However, one still needs to check that the A/2-twisted and B/2-twisted
observables are exchanged under the map, and what the RG flow of the UV parameters
is—these remain open questions.
5 (0, 2) Landau-Ginzburg Theories
One of the fascinating features of (0, 2) models is that they exhibit a range of novel effects
not present in (2, 2) theories. These are most transparent in (0, 2) Landau-Ginzburg the-
ories, where one often has a greater degree of computability and dynamical control. As
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discussed in section 4.2, a linear sigma model may exhibit a phase in which the UV dynam-
ics is well-described by a Landau-Ginzburg theory. This is a theory of fields with linear
kinetic terms coupled by a superpotential, which in the case of the quintic, takes the form
of eq. (45). In this section we will very briefly summarise some of the developments, old
and new, in understanding the structure of (0, 2) Landau-Ginzburg theories.
In the early days of (0, 2) linear sigma models, there was a lot of interest in Landau-
Ginzburg theory, mainly because many properties are exactly computable. For example,
one is able to straightforwardly compute the spectrum of states as was done in a series of
examples in [74,75,95], and later extended by [96] who, using various symmetries, argue that
there are deformations of certain (2, 2) Landau-Ginzburg theories that are exactly marginal
deformations of the underlying SCFT—an important piece of early evidence in showing
that such deformations are not destabilised by worldsheet instantons. The flat directions in
question are the E6 singlet directions: bundle, complex structure and Ka¨hler deformations
that preserve the rank of the bundle, and these are argued to be exactly marginal at finite
radius when the parent linear sigma model has a single Ka¨hler modulus. More recent
work, has appeared in [97] in which the spectrum singlets corresponding to deformations of
(2, 2) sigma models was computed in a variety of examples with multidimensional Ka¨hler
moduli spaces. In some cases the existence of certain states in the spectrum were able to be
traced over the Ka¨hler moduli space, from small radius (Landau-Ginzburg) to large radius
(supergravity). The interest in this arises from the jumping in cohomology groups over the
moduli space. For example, in the linear sigma model description of the quintic, the singlet
spectrum is known to jump at special values of the complex structure when the theory is at
the Landau-Ginzburg point. This jumping is attributable to an enhancement of the gauge
symmetries at these special values of the complex structure. More intricate examples have
also been computed, which show a more elaborate structure as a function of the moduli.
There is jumping of the singlets between small radius and large radius limit. In particular,
at small radius there are additional states (as in the quintic) that are not present at large
radius. What is the fate of these states? Using mirror symmetry, it is argued in [97] that
these additional states acquire a Ka¨hler-dependent mass term, becoming massive away from
the Landau-Ginzburg point.
It is also possible to compute correlators in certain toy examples. For example, [92]
showed how to compute correlators in massive Landau-Ginzburg theories attained by de-
formations of (2, 2) theories using simple algebraic techniques. This was extended in [98]
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to theories without a (2, 2)-locus. Mathematical aspects of A/2-twisted Landau-Ginzburg
models has appeared in [99], while work on developing Landau-Ginzburg theories away from
exactly soluble points has appeared in [100]. Such work is a useful warm-up for studying
more general linear model constructions away from the Landau-Ginzburg point.
5.1 (0, 2) Topology Change
Starting with [78], topology change has been well-studied in (2, 2) theories, where as one
varies the Ka¨hler moduli of a compactification, the topology of the target space suddenly
changes. Although a rather drastic effect from the point of view of spacetime, one can
show using mirror symmetry that on the worldsheet all quantities remain finite and well-
defined. This phenomenon may also be present in (0, 2) theories, though with a much richer
structure. The study of topology changing effects started with [101,102] who analysed what
happens to (0, 2) theories when M develops certain types of singularities. (2, 2) theories on
such singular spaces are perfectly well-behaved. Similarly, [101,102] shows that (0, 2) models
are also well-behaved. However, unlike in (2, 2) theories there may be multiple resolutions
of the singularities. Essentially, one needs to lift the bundle onM to the resolved space, and
there can be multiple ways of doing this. Although these resolutions may look distinct from
the point of view of spacetime, they are described by the same Landau-Ginzburg theory.
The interpretation proposed by [101, 102] is that the Landau-Ginzburg point is where a
perturbative string transition takes place (i.e. topology change). However, later analysis of
these Landau-Ginzburg theories by [58, 103] seemed to indicate the correct interpretation
is of a type of string duality taking place, reminiscent of mirror symmetry. For example,
although the compactifications look different at large radius, their moduli spaces are in
fact identical. Nonetheless, it still seems likely that topology changing transitions occur in
different contexts in (0, 2) models, similar to that discussed in the (2, 2) context in [78], in
which there is an enlarged Ka¨hler moduli space, with walls separating different domains.
Clarifying precisely if and how this happens, as well as what types of topology changes
occur in generic (0, 2) models remains an open question.
5.2 Mirror Pairs
As we discussed above mirror symmetry in the setting of heterotic string compactifications
is a fascinating, old and yet open question. From the point of view of the linear sigma
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model, [93] constructed a simple map for reflexively plain models attained as deformations
of (2, 2) sigma models. What about the more general setting? What if the models are not
reflexively plain? What if there is not even a (2, 2) locus?
Some progress has been made in this direction in the context of (0, 2) Landau-Ginzburg
theories. It was first discussed in the context of (0, 2) Landau-Ginzburg theories by [87].
The situation described there involved studying the GLSM for two particular topologically
distinct target spaces. On a first glance it appears the GLSMs are quite different for
the two different compactifications. However, if one goes to the Landau-Ginzburg point,
r = −∞, then the models become identical and are related by a simple map. The map
involved an exchange of complex structure moduli with moduli corresponding to deforming
the holomorphic structure of the bundle. One then argues that the theories have identical
perturbative expansions in an open set around the Landau-Ginzburg point r = −∞, and
consequently agree on the whole r, θ plane (see also [58, 103] for later discussions). Mirror
symmetry in (0, 2) Landau-Ginzburg theories has been followed up by numerous papers.
Using a class of (0, 2) Landau-Ginzburg theories developed in [104, 105], [106] proposed a
version of mirror symmetry which exchanged complex structure, Ka¨hler and bundle moduli.
In [107, 108] additional examples of Landau-Ginzburg mirror pairs were constructed using
orbifolding techniques similar to that of Greene-Plesser [109], while some recent discussion
of Landau-Ginzburg models in relation to mirror symmetry has appeared in [100] and a
computation of elliptic genera in (0, 2) Landau-Ginzburg theories has recently appeared
in [110].
One drawback of most of the discussion of (0, 2) mirror symmetry to date, is that it is
limited to Landau-Ginzburg theories, a very special type of a string compactification. Aside
from the map in discussed in section 4.8, there are a couple of other notable exceptions.
One proposal for extending the monomial-divisor mirror map to (0, 2) theories has appeared
in [111]. In [79], a proposal for extending the abelian duality of [94,112] to (0, 2) theories was
developed. This duality is a relation between massive (0, 2) GLSMs and Landau-Ginzburg
theories. It exchanges charged fields with uncharged fields, and is generated by dualising
the U(1) torus action of the toric variety. As the torus action is not free, a non-perturbative
superpotential is generated. In some sense this is to be thought of as mirror symmetry for
massive models. The proposal of [79] was checked in [82, 83] by computing worldsheet
instanton corrections to correlators in the corresponding (0, 2) sigma model. To better
understand mirror symmetry in more general (0, 2)-models one really needs a generalisation
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of the (2, 2) algebraic map of [76,94] to include (0, 2) moduli, followed by a calculation of the
spacetime D-terms, which would determine the renormalisation of the algebraic parameters
qa of the sigma model, to the generalisation of the “special coordinates” of the SCFT.
6 Outlook
In this review we have touched on some recent work aimed at uncovering the worldsheet
structure of (0, 2) heterotic worldsheet theories. (0, 2) theories have undergone a remarkable
cycle of dying and then rising from the dead. This means there are many open questions
to be tackled in this field. Indeed, the past couple of years have witnessed a revival, with
an increasing amount of work aimed at uncovering their hidden gems.
What are some of the remaining open issues? One is that of (0, 2) mirror symmetry.
What is the form of mirror symmetry for non reflexively plain models? What about if
there isn’t a (2, 2) locus, what form does mirror symmetry take then? Another is that even
supposing we understand (0,2) mirror symmetry for linear sigma models, to make contact
with physical observables, we will still have match the linear model deformations to moduli
of the SCFT, and determine the Ka¨hler potential. These are not easy tasks, but our success
gives us hope that perhaps even in questions regarding the Ka¨hler potential progress may
be made by considering additional structure beyond (0,2) supersymmetry in these vacua.
Perhaps these additional structures (such as the U(1)L current algebra) may enable us to
extend some of the results of [113] off the (2,2) locus. This would be important phenomeno-
logically, as we would then have computed normalised Yukawa couplings, and taken a step
closer towards connecting the heterotic worldsheet with its supergravity counterpart.
44
References
[1] M. Dine and N. Seiberg, “Couplings and Scales in Superstring Models,” Phys. Rev.
Lett. 55 (1985) 366.
[2] M. Dine and N. Seiberg, “Is the Superstring Weakly Coupled?,” Phys. Lett. B162
(1985) 299.
[3] M. Grana, “Flux compactifications in string theory: A comprehensive review,”
Phys. Rept. 423 (2006) 91–158, hep-th/0509003.
[4] I. Linch, William D., J. McOrist, and B. C. Vallilo, “Type IIB Flux Vacua from the
String Worldsheet,” JHEP 09 (2008) 042, 0804.0613.
[5] K. Dasgupta, G. Rajesh, and S. Sethi, “M theory, orientifolds and G-flux,” JHEP
08 (1999) 023, hep-th/9908088.
[6] K. Becker, M. Becker, K. Dasgupta, and P. S. Green, “Compactifications of
heterotic theory on non-Kaehler complex manifolds. I,” JHEP 04 (2003) 007,
hep-th/0301161.
[7] K. Becker, M. Becker, K. Dasgupta, and S. Prokushkin, “Properties of heterotic
vacua from superpotentials,” Nucl. Phys. B666 (2003) 144–174, hep-th/0304001.
[8] K. Becker, M. Becker, J.-X. Fu, L.-S. Tseng, and S.-T. Yau, “Anomaly cancellation
and smooth non-Kaehler solutions in heterotic string theory,” Nucl. Phys. B751
(2006) 108–128, hep-th/0604137.
[9] K. Becker, M. Becker, P. S. Green, K. Dasgupta, and E. Sharpe, “Compactifications
of heterotic strings on non-Kaehler complex manifolds. II,” Nucl. Phys. B678
(2004) 19–100, hep-th/0310058.
[10] K. Becker, C. Bertinato, Y.-C. Chung, and G. Guo, “Supersymmetry breaking,
heterotic strings and fluxes,” 0904.2932.
[11] K. Becker and K. Dasgupta, “Heterotic strings with torsion,” JHEP 11 (2002) 006,
hep-th/0209077.
[12] K. Becker and S. Sethi, “Torsional heterotic geometries,” 0903.3769.
45
[13] K. Becker and L.-S. Tseng, “Heterotic Flux Compactifications and Their Moduli,”
Nucl. Phys. B741 (2006) 162–179, hep-th/0509131.
[14] M. Becker, L.-S. Tseng, and S.-T. Yau, “New Heterotic Non-Kahler Geometries,”
0807.0827.
[15] E. Goldstein and S. Prokushkin, “Geometric model for complex non-Kaehler
manifolds with SU(3) structure,” Commun. Math. Phys. 251 (2004) 65–78,
hep-th/0212307.
[16] A. Adams, M. Ernebjerg, and J. M. Lapan, “Linear models for flux vacua,”
hep-th/0611084.
[17] A. Adams and D. Guarrera, “Heterotic Flux Vacua from Hybrid Linear Models,”
0902.4440.
[18] A. Adams, “Orbifold Phases of Heterotic Flux Vacua,” 0908.2994.
[19] M. B. Green, J. H. Schwarz, and E. Witten, “Superstring theory vol 2: Loop
amplitudes, anomalies and phenomenology,”. Cambridge, Uk: Univ. Pr. ( 1987) 596
P. ( Cambridge Monographs On Mathematical Physics).
[20] J. Polchinski, “String theory. Vol. 2: Superstring theory and beyond,”. Cambridge,
UK: Univ. Pr. (1998) 531 p.
[21] B. Andreas and G. Curio, “Deformations of bundles and the standard model,” Phys.
Lett. B655 (2007) 290–293, 0706.1158.
[22] V. Braun, Y.-H. He, B. A. Ovrut, and T. Pantev, “The exact MSSM spectrum from
string theory,” JHEP 05 (2006) 043, hep-th/0512177.
[23] L. B. Anderson, Y.-H. He, and A. Lukas, “Heterotic compactification, an
algorithmic approach,” JHEP 07 (2007) 049, hep-th/0702210.
[24] V. Bouchard and R. Donagi, “An su(5) heterotic standard model,” Phys. Lett.
B633 (2006) 783–791, hep-th/0512149.
[25] W. Buchmuller, K. Hamaguchi, O. Lebedev, and M. Ratz, “Supersymmetric
standard model from the heterotic string,” Phys. Rev. Lett. 96 (2006) 121602,
hep-ph/0511035.
46
[26] E. A. Bergshoeff and M. de Roo, “The quartic effective action of the heterotic string
and supersymmetry,” Nucl. Phys. B328 (1989) 439.
[27] E. Bergshoeff and M. de Roo, “Supersymmetric chern-simons terms in
ten-dimensions,” Phys. Lett. B218 (1989) 210.
[28] W. A. Chemissany, M. de Roo, and S. Panda, “alpha’-Corrections to Heterotic
Superstring Effective Action Revisited,” JHEP 08 (2007) 037, 0706.3636.
[29] C. M. Hull, “Anomalies, ambiguities and superstrings,” Phys. Lett. B167 (1986) 51.
[30] T. Kimura and P. Yi, “Comments on heterotic flux compactifications,” JHEP 07
(2006) 030, hep-th/0605247.
[31] A. Sen, “(2, 0) supersymmetry and space-time supersymmetry in the heterotic
string theory,” Nucl. Phys. B278 (1986) 289.
[32] C. M. Hull, “Compactifications of the heterotic superstring,” Phys. Lett. B178
(1986) 357.
[33] J. Distler and B. R. Greene, “Aspects of (2,0) String Compactifications,” Nucl.
Phys. B304 (1988) 1.
[34] E. Silverstein and E. Witten, “Criteria for conformal invariance of (0,2) models,”
Nucl. Phys. B444 (1995) 161–190, hep-th/9503212.
[35] C. Beasley and E. Witten, “Residues and world-sheet instantons,” JHEP 10 (2003)
065, hep-th/0304115.
[36] A. Basu and S. Sethi, “World-sheet stability of (0,2) linear sigma models,” Phys.
Rev. D68 (2003) 025003, hep-th/0303066.
[37] J. McOrist, D. R. Morrison, and S. Sethi, “Geometries, Non-Geometries, and
Fluxes,” 1004.5447.
[38] B. Wecht, “Lectures on Nongeometric Flux Compactifications,” Class. Quant. Grav.
24 (2007) S773–S794, 0708.3984.
[39] C. M. Hull and R. A. Reid-Edwards, “Non-geometric backgrounds, doubled
geometry and generalised T-duality,” 0902.4032.
47
[40] S. Sethi, “A Note on Heterotic Dualities via M-theory,” Phys. Lett. B659 (2008)
385–387, 0707.0295.
[41] B. Andreas and M. Garcia-Fernandez, “Solutions of the Strominger System via
Stable Bundles on Calabi-Yau Threefolds,” 1008.1018.
[42] L. Carlevaro and D. Israel, “Heterotic Resolved Conifolds with Torsion, from
Supergravity to CFT,” JHEP 01 (2010) 083, 0910.3190.
[43] L. Carlevaro, D. Israel, and P. M. Petropoulos, “Double-Scaling Limit of Heterotic
Bundles and Dynamical Deformation in CFT,” Nucl. Phys. B827 (2010) 503–544,
0812.3391.
[44] J.-X. Fu, L.-S. Tseng, and S.-T. Yau, “Local Heterotic Torsional Models,” Commun.
Math. Phys. 289 (2009) 1151–1169, 0806.2392.
[45] M. Becker, L.-S. Tseng, and S.-T. Yau, “Moduli space of torsional manifolds,” Nucl.
Phys. B786 (2007) 119–134, hep-th/0612290.
[46] J.-X. Fu and S.-T. Yau, “The theory of superstring with flux on non-Kaehler
manifolds and the complex Monge-Ampere equation,” J. Diff. Geom. 78 (2009)
369–428, hep-th/0604063.
[47] A. Strominger, “Superstrings with Torsion,” Nucl. Phys. B274 (1986) 253.
[48] C. Beasley, J. J. Heckman, and C. Vafa, “GUTs and Exceptional Branes in F-theory
- I,” JHEP 01 (2009) 058, 0802.3391.
[49] L. J. Dixon, V. Kaplunovsky, and J. Louis, “Moduli dependence of string loop
corrections to gauge coupling constants,” Nucl. Phys. B355 (1991) 649–688.
[50] P. Candelas and X. de la Ossa, “Moduli space of calabi-yau manifolds,” Nucl. Phys.
B355 (1991) 455–481.
[51] M. Dine, V. Kaplunovsky, M. L. Mangano, C. Nappi, and N. Seiberg, “Superstring
Model Building,” Nucl. Phys. B259 (1985) 549–571.
[52] R. Friedman, J. Morgan, and E. Witten, “Vector bundles and F theory,” Commun.
Math. Phys. 187 (1997) 679–743, hep-th/9701162.
48
[53] R. Friedman, J. W. Morgan, and E. Witten, “Vector bundles over elliptic
fibrations,” alg-geom/9709029.
[54] R. Friedman, J. W. Morgan, and E. Witten, “Principal G-bundles over elliptic
curves,” Math. Res. Lett. 5 (1998) 97–118, alg-geom/9707004.
[55] V. Braun, Y.-H. He, B. A. Ovrut, and T. Pantev, “Vector Bundle Extensions, Sheaf
Cohomology, and the Heterotic Standard Model,” Adv. Theor. Math. Phys. 10
(2006) 4, hep-th/0505041.
[56] V. Braun, Y.-H. He, B. A. Ovrut, and T. Pantev, “A heterotic standard model,”
Phys. Lett. B618 (2005) 252–258, hep-th/0501070.
[57] R. Blumenhagen, S. Moster, R. Reinbacher, and T. Weigand, “Massless spectra of
three generation U(N) heterotic string vacua,” JHEP 05 (2007) 041,
hep-th/0612039.
[58] R. Blumenhagen, “Target space duality for (0,2) compactifications,” Nucl. Phys.
B513 (1998) 573–590, hep-th/9707198.
[59] S. Kachru, “Some three generation (0,2) Calabi-Yau models,” Phys. Lett. B349
(1995) 76–82, hep-th/9501131.
[60] L. B. Anderson, J. Gray, Y.-H. He, and A. Lukas, “Exploring Positive Monad
Bundles And A New Heterotic Standard Model,” JHEP 02 (2010) 054, 0911.1569.
[61] R. Blumenhagen, B. Jurke, T. Rahn, and H. Roschy, “Cohomology of Line Bundles:
Applications,” 1010.3717.
[62] L. B. Anderson, J. Gray, A. Lukas, and B. Ovrut, “Stabilizing the Complex
Structure in Heterotic Calabi-Yau Vacua,” 1010.0255.
[63] L. B. Anderson, “Heterotic and M-theory Compactifications for String
Phenomenology,” 0808.3621.
[64] M. Dine, N. Seiberg, X. G. Wen, and E. Witten, “Nonperturbative Effects on the
String World Sheet,” Nucl. Phys. B278 (1986) 769.
[65] J. Distler, “Resurrecting (2,0) compactifications,” Phys. Lett. B188 (1987) 431–436.
49
[66] E. Witten, “Topological Sigma Models,” Commun. Math. Phys. 118 (1988) 411.
[67] E. Witten, “New Issues in Manifolds of SU(3) Holonomy,” Nucl. Phys. B268 (1986)
79.
[68] L. Witten and E. Witten, “Large radius expansion of superstring
compactifications,” Nucl. Phys. B281 (1987) 109.
[69] R. Rohm and E. Witten, “The Antisymmetric Tensor Field in Superstring Theory,”
Ann. Phys. 170 (1986) 454.
[70] J. Distler, “Notes on (0,2) superconformal field theories,” hep-th/9502012.
[71] M. Dine, N. Seiberg, X. G. Wen, and E. Witten, “Nonperturbative Effects on the
String World Sheet. 2,” Nucl. Phys. B289 (1987) 319.
[72] M. Dine and N. Seiberg, “Nonrenormalization Theorems in Superstring Theory,”
Phys. Rev. Lett. 57 (1986) 2625.
[73] M. Dine and N. Seiberg, “Are (0,2) models string miracles?,” Nucl. Phys. B306
(1988) 137.
[74] E. Witten, “Phases of N = 2 theories in two dimensions,” Nucl. Phys. B403 (1993)
159–222, hep-th/9301042.
[75] J. Distler and S. Kachru, “(0,2) landau-ginzburg theory,” Nucl. Phys. B413 (1994)
213–243, hep-th/9309110.
[76] D. R. Morrison and M. Ronen Plesser, “Summing the instantons: Quantum
cohomology and mirror symmetry in toric varieties,” Nucl. Phys. B440 (1995)
279–354, hep-th/9412236.
[77] M. Kreuzer, J. McOrist, I. V. Melnikov, and M. R. Plesser, “(0,2) Deformations of
Linear Sigma Models,” 1001.2104.
[78] P. S. Aspinwall, B. R. Greene, and D. R. Morrison, “Calabi-Yau moduli space,
mirror manifolds and spacetime topology change in string theory,” Nucl. Phys.
B416 (1994) 414–480, hep-th/9309097.
50
[79] A. Adams, A. Basu, and S. Sethi, “(0,2) duality,” Adv. Theor. Math. Phys. 7 (2004)
865–950, hep-th/0309226.
[80] A. Adams, J. Distler, and M. Ernebjerg, “Topological heterotic rings,” Adv. Theor.
Math. Phys. 10 (2006) 657–682, hep-th/0506263.
[81] N. P. Warner, “N=2 supersymmetric integrable models and topological field
theories,” hep-th/9301088.
[82] S. H. Katz and E. Sharpe, “Notes on certain (0,2) correlation functions,” Commun.
Math. Phys. 262 (2006) 611–644, hep-th/0406226.
[83] J. Guffin and S. Katz, “Deformed quantum cohomology and (0,2) mirror
symmetry,” arXiv:0710.2354 [hep-th].
[84] J. McOrist and I. V. Melnikov, “Summing the Instantons in Half-Twisted Linear
Sigma Models,” JHEP 02 (2009) 026, 0810.0012.
[85] J. McOrist and I. V. Melnikov, “Half-Twisted Correlators from the Coulomb
Branch,” JHEP 04 (2008) 071, 0712.3272.
[86] I. V. Melnikov and M. R. Plesser, “A-model correlators from the Coulomb branch,”
JHEP 02 (2006) 044, hep-th/0507187.
[87] J. Distler and S. Kachru, “Duality of (0,2) string vacua,” Nucl. Phys. B442 (1995)
64–74, hep-th/9501111.
[88] E. Sharpe, “Notes on certain other (0,2) correlation functions,” hep-th/0605005.
[89] P. Clarke and J. Guffin, “On the existence of affine Landau-Ginzburg phases in
gauged linear sigma models,” 1004.2937.
[90] C. Vafa, “Topological Landau-Ginzburg models,” Mod. Phys. Lett. A6 (1991)
337–346.
[91] C. Vafa, “String Vacua and Orbifoldized L-G Models,” Mod. Phys. Lett. A4 (1989)
1169.
[92] I. V. Melnikov and S. Sethi, “Half-Twisted (0,2) Landau-Ginzburg Models,” JHEP
03 (2008) 040, 0712.1058.
51
[93] I. V. Melnikov and M. R. Plesser, “A (0,2) Mirror Map,” 1003.1303.
[94] D. R. Morrison and M. R. Plesser, “Towards mirror symmetry as duality for two
dimensional abelian gauge theories,” Nucl. Phys. Proc. Suppl. 46 (1996) 177–186,
hep-th/9508107.
[95] S. Kachru and E. Witten, “Computing the complete massless spectrum of a
Landau- Ginzburg orbifold,” Nucl. Phys. B407 (1993) 637–666, hep-th/9307038.
[96] J. Distler and S. Kachru, “Singlet couplings and (0,2) models,” Nucl. Phys. B430
(1994) 13–30, hep-th/9406090.
[97] P. S. Aspinwall, I. V. Melnikov, and M. R. Plesser, “(0,2) Elephants,” 1008.2156.
[98] I. V. Melnikov, “(0,2) Landau-Ginzburg Models and Residues,” 0902.3908.
[99] J. Guffin and E. Sharpe, “A-twisted heterotic Landau-Ginzburg models,” J. Geom.
Phys. 59 (2009) 1581–1596, 0801.3955.
[100] M. Kreuzer, “Heterotic (0,2) Gepner Models and Related Geometries,” 0904.4467.
[101] J. Distler, B. R. Greene, and D. R. Morrison, “Resolving singularities in (0,2)
models,” Nucl. Phys. B481 (1996) 289–312, hep-th/9605222.
[102] T.-M. Chiang, J. Distler, and B. R. Greene, “Some features of (0,2) moduli space,”
Nucl. Phys. B496 (1997) 590–616, hep-th/9702030.
[103] R. Blumenhagen, “(0,2) target-space duality, CICYs and reflexive sheaves,” Nucl.
Phys. B514 (1998) 688–704, hep-th/9710021.
[104] R. Blumenhagen, R. Schimmrigk, and A. Wisskirchen, “The (0,2) Exactly Solvable
Structure of Chiral Rings, Landau-Ginzburg Theories, and Calabi-Yau Manifolds,”
Nucl. Phys. B461 (1996) 460–492, hep-th/9510055.
[105] R. Blumenhagen and A. Wisskirchen, “Exactly Solvable Points in the Moduli Space
of Heterotic N=2 Strings,” Mod. Phys. Lett. A11 (1996) 1475–1488,
hep-th/9601050.
[106] R. Blumenhagen, R. Schimmrigk, and A. Wisskirchen, “(0,2) mirror symmetry,”
Nucl. Phys. B486 (1997) 598–628, hep-th/9609167.
52
[107] R. Blumenhagen and M. Flohr, “Aspects of (0,2) orbifolds and mirror symmetry,”
Phys. Lett. B404 (1997) 41–48, hep-th/9702199.
[108] R. Blumenhagen and S. Sethi, “On orbifolds of (0,2) models,” Nucl. Phys. B491
(1997) 263–278, hep-th/9611172.
[109] B. R. Greene and M. R. Plesser, “Duality in Calabi-Yau moduli space,” Nucl. Phys.
B338 (1990) 15–37.
[110] M. Ando and E. Sharpe, “Elliptic genera of Landau-Ginzburg models over
nontrivial spaces,” 0905.1285.
[111] E. R. Sharpe, “(0,2) mirror symmetry,” hep-th/9804066.
[112] K. Hori and C. Vafa, “Mirror symmetry,” hep-th/0002222.
[113] L. J. Dixon, V. Kaplunovsky, and J. Louis, “On Effective Field Theories Describing
(2,2) Vacua of the Heterotic String,” Nucl. Phys. B329 (1990) 27–82.
53
